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Abstract 

We study the Complex Ginzburg-Landau initial value problem 

dtu = (1 + ia) d^u + u — (1 + ijS) u \u\^ , u{x, 0) = uo(x) , (CGL) 

for a complex field m e C, with a, /3 G R. We consider the Benjamin-Feir linear instability re- 
gion l + ap = with £ < 1 and < 1/2. We show that for all e < 0(Vl - 2a^ Lq ^^/^^), 
and for all initial data uq sufficiently close to 1 (up to a global phase factor e* "^o, 0o ^ R) 
in the appropriate space, there exists a unique (spatially) periodic solution of space period 
Lq. These solutions are small even perturbations of the traveling wave solution, u = (1 + 
Q,2 ^1 <j>o-ii3 t gia 77^ ^j^^ ^ bounded norms in various and Sobolev spaces. We prove 
that s ~ ^\ apart from 0{e^) corrections whenever the initial data satisfy this condition, 

and that in the linear instability range Lq ^ < £ < 0{Lq^'^^^'^), the dynamics is essentially deter- 
mined by the motion of the phase alone, and so exhibits 'phase turbulence' . Indeed, we prove 
that the phase rj satisfies the Kuramoto-Sivashinsky equation 

dt7] = -{^) A^f] - e^Af] - (1 + a^) Hf (KS) 
for times to ^ Oie^^"^/^ Lq^"^^^), while the amplitude 1 + s is essentially constant. 



1 Introduction 

1.1 Generalities about the Ginzburg-Landau equation 

The Complex Ginzburg-Landau equation (ICGLI) admits explicit traveling wave solutions of the 
form 

u(x, t) = c(p) exp (2(00 + px - uj(p) t)) , (1.1) 

with 00 G P £ [—1, 1], c(p) = a/1 — and uj(p) = a p'^ + (3 (1 — p^). For all a, (3 with 
1 + a (3 > 0, there exists a parameter pe = Psict, f3), with pe ^ as 1 + a /3 such 
that traveling wave solutions dl.ll) with |j9| > pE(a,P) are linearly unstable, a phenomenon 
called 'sideband' or 'Eckhaus' instability, while those with \p\ < pe are linearly stable (see 
e.g. IICH93I and the references therein). When 1 + aP < 0, all traveling wave solutions are 
linearly unstable, a phenomenon called 'Benjamin-Feir' or 'Benjamin-Feir-Newell' instability 
(see e.g. |BF67| and I.New7 4n. 

In this paper, we consider the case 1 + a P = —e^. When e is small enough, numerical 
simulations on finite domains (see e.g. [MHAM97| and the references therein) indicate that the 
dynamics of the phase is turbulent, the phase evolving irregularly, (with fluctuations of order 
around the global phase ^o)^ while the amplitude of u is constant up to 0{e^) corrections. This 
type of behavior is called 'phase turbulence'. The persistence of phase turbulence on infinite 
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Figure 1 : Parameter space for dCGLI) . Linear instability occurs for 1 + a /? < 0, and phase 
turbulence is shown in this paper to occur in shaded region. 



domains is not known, while its existence on finite domains is, to our knowledge, not proven 
rigorously. 

As e increases (or the domain is larger), 'amplitude' or 'defect' turbulence occurs, the am- 
plitude of u vanishing at some instants and places, called 'defects' or 'phase slips' (see also 
IIEGW95II ). Note that 'phase' and 'amplitude' turbulence may coexist at the same time in the 
a, (3 parameter space, depending on initial conditions, in which case one speaks of 'bichaos'. 

The 'amplitude' turbulence regime is technically difficult because the phase is not well de- 
fined when the amplitude vanishes. In this paper, we concentrate on the easier phase turbulence 
regime and prove that for the particular case' p = 0, phase turbulence occurs for small initial 
perturbations of the traveling wave e* * on domains of size Lq for all < 1/2 and for all 
^ < ^q{Lqi a) with SoiLQ, a) — as Lq — oo or — 1/2, see figured] We restrict ourselves 
to even perturbations for concision, though general perturbations could be treated as well (see 
Remark IZ4l below). We believe the restriction < 1/2 to be an artifact of our technical treat- 
ment (see the discussion at the end of Section fL4b . though we expect some restriction on the 
size of a to be necessary anyway, because the large a limit of (ICGLI) is the so-called Non-linear 
Schrodinger equation, whose dynamics is completely different from the above picture. 



The case p 7^ should give a similar result but is more challenging. 
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1.2 Setting 

We consider perturbations of e* *, (this is a solution of (ICGLI l) which are of the form^ 

u{x, t) = (1 + s(x, t)) e' e*" , (1.2) 

for (small) s, ?7 G R. To state our results, we introduce the following scalings^ 

r]ix,t) = ie^fi(x,i), (1.3) 
s(x,t) = s(x,i) , (1.4) 

with Y = S = \ f% e, X = i X and i = - e'^ t. 

^ l+a V 2 ' Y 

We consider the initial value problem (ICGLI) with rj{x, 0) = rjQ{x) and s{x, 0) = so(x), 
where r^o and sq are even periodic functions of period Lq, or equivalently, in terms of the 'hat' 
variables, t)q and sq are even periodic functions of period L = i Lq. To state our conditions 
on the initial data sq and r/o, we introduce the Banach space Wo,cr obtained by completing 
C^,([-L/2,L/2],R) under the norm || ■ ||^ = || ■ ||l2([-l/2,l/2) + || ■ \\w,a, where || ■ ||n;,^is asup 
norm with algebraic weight (going like | A;!*^ at infinity) on the Fourier transform, see section l23l 
for details. Essentially Wo,<j consists of functions in L^([— L/2, L/2]), whose Fourier transform 
decays (at least) like |A;|^'^ as |A;| — > oo (this is a regularity assumption). In the sequel we will 
often use the shorthand notation instead of L^([— L/2, L/2]), while we will always write 
L^([— Lo/2, Lo/2]) to avoid confusion. 

Definition 1.1 We say that fjo and sq are in the class C(K, L,a,i,io,CsQ,CfjQ,a) C Wo,ct x 

if 

<cs,p\ (1.5) 
for p = K L^l'\ and if 

The parameter L is the (space) period (in the scaled variables) of the solution. The constant 
K is essentially the same as that of IICEE93II in their discussion of the Kuramoto-Sivashinsky 
equation 

^if^, = -A^,-/\^^,-h,f|'f , (1.7) 

where it appears in the bound lim ||57^(-, t)||L2 < K L^l^ for symmetric periodic solutions. 

t— >oo _____ 

Therefore, K is independent of a, e and L. The parameters a and e are those of dCGLI) . with 
= —2 f , while is the maximal value of i for which our results hold. The parameters 
c,,p and measure the size of the initial perturbation. Note that only f/g and ?7o(0) appear in the 

^The a factors in front of s and ry are only a convenient normalization. 
^They will be justified in the next subsection. 



^o(O) = 



\Vo\ 



So 



2 8 32 
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conditions. We can motivate this by noting that (ICGLI) has a f/(l) symmetry (the global phase 
factor e* '^")- Expressing all constraints in terms of i7q and i7o(0) is a convenient way to take this 
invariance into account. The condition ?7o(0) = can always be satisfied, up to a redefinition of 
the global phase 0o- Furthermore, this condition is preserved by the evolution (see e.g. (11.181) ). 
We will prove that if 170 and Sq are in the class C(K, L, a, e, Eq, c^q, c^^, a), the (ICGLI ) dynamics 
(which has a complex function as initial condition) is increasingly well approximated as £ — 
by the Kuramoto-Sivashinsky dynamics (11.71) . which has a real function as initial condition. 
For this to hold, sq and r/o have to be tightly related as i 0. This relation is quantified by 
(11.61) . which says that, up to 0{e'^) corrections, sq and fjo are related by 

So = -g - ^ '^<^^o)^ ' 
where G is the operator with symbol 

(1.8) 

Note that G is the inverse of the (positive) operator 1 — ^9?. 
1.3 Main results and their physical discussion 

Our main results are twofold. We first have an existence and unicity result for the solutions of 
(ICGLI) . see Theorem 11.21 below, and then an approximation result in Theorem 1 1.3 1 

From now on, we will denote generic constants by the letters C and c. We will use the letter 
c with different labels to recall the quantity on which the bound is. By constants, we mean 
quantities which do not depend on a, i,L and a in the ranges 



< e < 1 , < 1/2 , L > 27r and < ctq 



for some finite ctq > y 



Theorem 1.2 Let a < 1/2, cr > y, Cs,, > 0, > and L > 2 n. There exist constants 
K and Cg such that for all rrie > 4, for any e < Sq = Ce vl— 2c? p^™= and for all fjo 
and sq in the class C(K, L, a, i, Eq, Csq, c^q, cr), the solution of ACGLl with parameters a and 
(3 = ) g exists for all times, is of the form ( li.2D and satisfies 



sup 

t>0 



sup ||i7(-,t)'||CT < p , sup p(-,t)||^_i < Cs p^, (1.9) 

1 ^ . 



s(.J) + lGfi"{;i) + — G{fl')\;i) 



e 



<(^fc,p, (1.10) 

L2 ^^0' 



with p = K L^/^, > 1 + and Cg > Cs^- This solution is unique among functions satisfying 

(EH). 
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Our results are valid for any i < io = Ce Vl — Sa^ p ^ and for any L > 2 tt. Since L = i Lq 
and p = K L^/^, we see that the applicability range is 



-32/37 



The lower bound is the linear instability condition. 

In terms of the original variables, Theorem II .21 shows that solutions of (ICGLI) of the form 
(11.21) exist, and that (see Appendix iGl for details) 



sup ||r/(-,ty||L2([_i„/2,Lo/2]) <Ce'>'^-^'^^ , (1.11) 

t>0 

SUp||s(-,t)||L2([_Lo/2,Lo/2]) <C£^/2-=^/'"^ , (1.12) 
t>0 

sup sup 

|r/(a;,t)| < C £2-13/(8 m,) ^ (j_j3) 

t>0 xe[-Lo/2,Lo/2] 

sup sup \six,t)\ <C e^-^^""^ . (1.14) 

t>0 xe[-Lo/2,Lo/2] 

The inequalities (11.131 ) and ( 11.141) quantify the 'physical intuition' r] = 0{e^) and s = O(e^), 
see section n~Tl 

Inequalities ( 11.91) or (11.1 ll )-( ll. 141 ) also show that the solutions belongs to a (local) attractor, 
while (11.101) shows that on that attractor, the 'amplitude' s satisfies s = — | 7]" + Oie'^). The 
attractor is thus well approximated by the graph s = t]" in the s, rj space. This result was 
discovered at a heuristic level by Kuramoto and Tsuzuki in IIKT76I . 

We do not expect the bounds (11.91) and (11.101) to be optimal. Numerical simulations show 
that f]' and s are uniformly bounded in space and time, at least for a large range oi L = e Lq. 
This suggests that ||r)'||L2 and ||s||l2 should both scale with L like and not like L^^^ and 
, hence we should have p ~ ^JL. In the left panel of Figure |2l we display as a function of 
i G [0,200] (by decreasing size) the typical behavior of ||i7'(-, t)||L2, p(-,t)||L2 and £~^p(-, t) + 
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I G i) + (57')^(", 0||l2 in units proportional to ^/eLq. We also see that s + | G 17" + 
1^ G (fj')'^ is of order and not as in (II.IOI) . 

We now show that the dynamics of the phase on the attractor is well approximated by the 
Kuramoto-Sivashinsky equation. 

Theorem 1.3 Under the assumptions of Theorem 17.21 there exists a constant Ct such that if 
ti ^ Q p^^, then for all to > 0, 

sup ||i7(-,to + 0' -i7c(-,t)'||L2 < (^) p , (1.15) 

o<t<ti \ei/ 

where fjc satisfies the Kuramoto-Sivashinsky equation rti.TI ) with initial condition fidx, 0) = 
Vix, to)- 

In physical terms, Theorem 11.31 savs that on each time interval [to, to + h], the distance be- 
tween 7] and the solution of the Kuramoto-Sivashinsky equation with initial condition //(to) is 
small compared to the size of the attractor (see (I1.15I) '). at least for time intervals of length ti of 
order e^'^ p^^ = ^-^^/s /^"^^/s rpj^^^ result gives a rigorous foundation to the heuristic deriva- 
tion in [KT76|) of the Kuramoto-Sivashinsky equation as a phase equation for the Complex 
Ginzburg-Landau equation near the Benjamin-Feir line (see also |Man90|). Furthermore, if e 
is sufficiently small, the amplitude 1 + s does not vanish by (11.141) . This proves that the solu- 
tion exhibits phase turbulence for all times, the solutions of the Kuramoto-Sivashinsky equation 
being believed to be chaotic. 

The bound (11.151) for ti < q p~'^ is again certainly not optimal. Numerical simulations 
show that ti scales like L^^ (this is in agreement with p ~ vT) with a bound of order i'^ and 

not i as in (11.151) . In the right panel of Figure|2l we show in the large plot ^^'^ '^||'^'( units 
of for short times (large times are displayed in small inserted plot in absolute units). 

In the remainder of this section, we derive the dynamical equations for s and r), then we 
discuss informally these equations to motivate the analytical treatment that we will present 
in the next sections. In particular, we will explain the particular choice of the scalings (11.31) 
and (11.41) . We will treat the phase dynamical equation in section |2l while the treatment of the 
dynamical equation for s is postponed to section|3l s being 'slaved' to r] by that equation. 

1.4 Derivation of the amplitude and phase equations 

The ansatz (11.21) leads, after separation of the real and imaginary parts of equation (ICGLI) . to 

dts = s" -2s-ri" - {ri'f - (3 + 2 s' V + s rj" + s {rj'f + s^) , (1.16) 
dtri = ri" + s" -2aPs-a' ({'q'f + a ^ - ^'^'^ \ + 'f^^ l \ ■ (1.17) 

Since these equations preserve the subspace of functions that are even in the space variable, we 
restrict ourselves to that particular case. We also use a, — as parameters instead of a, [3 as 
it allows to emphasize the dependence on the small parameter e. Finally, as the right hand sides 
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of (11.161 ) and (11.171 ) contain only (space) derivatives of the function r], we introduce the odd 
function /i (the phase derivative) by 



V(x,t)= / dy^(y,t), (1.18) 



and obtain 



dts = s" - 2 s - /i' - /i^ 



a 



2 



{3 + 2 s' fx + s fx' + s fx"^ + a"^ s^) , (1.19) 



dtfi = fi" + s'" + 2(1+ e^) s - (fi^ 

2 f / -x 2\ 2 2s ^ S S 



l + a^s l + a^'s/ 
We expect dtS, s' <^ s, ^' <^ ^ <^ 1 when e ^ 1. We then have 

dtS = s" -2 s - fi' - fi^ + fs{s,fi) , (1-21) 
dtfx = - (s" - 2 s - /i' - /i^y + (1 + s'" + 2 £2 s' 

-2(l + a2)^^' + /^(s,^y , (1.22) 

where fs(s, fi), respectively /^(s, /i), is defined as the function appearing in the second line of 
( 11.191) resp. (11.201) . The —2s term in (11.211) strongly damps s, which therefore is 'slaved' to 
fx. Indeed, as we will show in Section |3l for given jx satisfying appropriate bounds, the map 
fx (— > s(jx) defined by the (global and strong) solution of (11.211) is well defined and Lipschitz in 
jx. Furthermore, to third order in e, the map is given by the solution si of s'( — 2 si — jx' — jx'^ = 0, 
which can be represented as 

si(/i) = -^G (/i' + /i') , (1.23) 

where G is the convolution operator with the fundamental solution Q of Q(x) — \Q"{x) = 5(x). 
Note that G acts multiplicatively in Fourier space, with symbol (1 + ^)~^, in particular, G f 
has two more derivatives than /. As we will also show in Section |3l s(jx) will have the same 
structure as Si(/z), that is, the ^-convolution of another map with the same regularity as jx'. 
As such, s(/i) is once more differentiable than fx, due to the regularizing properties of G, and 
s(fx) = s(r]') is as regular as i]. This is reasonable, since from u = (1 + a"^ s) e~*^ t+iarj 
that s and i] should have both the same degree of regularity as u. 

Inserting (11.231) into (11.221) and neglecting leads to the (modified) Kuramoto-Siva-shinsky 
equation for the phase 

d,ij = -li^ G fx"" -e^G fx" - 2(i+a2) fxfx' -e^G (fx^)' -^G (fxY , (1-24) 

from which we recover the Benjamin-Feir linear instability criterion 1 + aP < 0. Namely, 
linear stability analysis in Fourier space (set fx = Sq e*'^^+'^('^^* with Eq <^ 1) gives the dispersion 
relation 

£2 p _ ^4 (1^) ^ ^2 _ ^4 (1^) 

X(k) = - 
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This shows that there are linearly unstable modes for < e <^ 1, growing at most like *. 
This suggests that the dynamics of (11.241) should be dominated by the dynamics of the Fourier 
modes in the small |A;| region, the high |A;| modes being slaved to them. For |A;| <^ 1, we have 
G ^ 1, and neglecting the last two terms of (11.241) . we get the Kuramoto-Sivashinsky equation 
in derivative form 

/i"" - £2^" - 2(1+^2) /i/i' . (1.25) 

Defining 

^{x,t) = \e^ fL{x,i) , (1.26) 

with 

4 - 4 

X ~ ~, ; ' ~ V2 ^ 1 3; = 5x, t = ^ £ t , 

we get from (11.251) 

dtfi = -fi"" - ft" - fi fi' , (1-27) 

which is the original Kuramoto-Sivashinsky equation in derivative form. This justifies the scal- 
ings (11.31) . Equation (11.271) possesses an universal attractor of finite radius in L^([— L/2, L/2]) 
with periodic boundary conditions (see e.g. |CEE93J), hence we can expect jl to be of size 
times a typical solution in that attractor. 

From (11.231) . we get (the /x-dependence of si is implicit here for concision) 

si(x, t) = -— G (4/i'(x, i) + fi{x, if) = si{x, i) , (1.28) 

where G is the convolution operator with the fundamental solution of Q(x) — ^Q"{x) = S(x). 

As above, G acts multiplicatively in Fourier space, with symbol G(k) = (1 + Equation 
(11.281) motivates the scalings 

s{x,t) = s(x,i) , (1.29) 

for s (see also (11.41) '). 

We now apply (11.261) and ( 11.291 ) to ( 11.211) and ( 11.221 ). From now on we drop the hats. Then 
s and fi satisfy the following equations 

dts = -^CsS + ^ ri(/i) - 4^(2sV + + Fsis, /i) , (1.30) 
dtfi = -Cf, fi- fifi' + Fo(s,fi)' + X ^^^l,r r'2 , (1-31) 

where £s, and C^^r are multiplicative operators in Fourier space, with symbols given by 

CAk) = 1 + ^ , 
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^t^^^^ - I £2 fc2 > 

^^i,r(k) = 2 - ^2 ^2 5 (1-32) 

1 ~t~ 



while ri, r2, F3 and Fq are defined by 

/ I 2 2\ 

,A ri(/i) 





1 




~32 






r2 = 




Fsis, /i) = 






X 



s 



A 



2 J e 

"2 ^ I £^ 22 ^ I 2 ^ ^ 



F„(s. = ((2 + (1 + a^)) + - f^^^) 



_ 1 G ^= - i G (,.=)'' 
where G is the operator with symbol 

G{k) 



1 + 



2 



We will prove that (I1.30I) defines a map fi ^ s{fi) for all /i in an open ball of Wa, and that 
this map has indeed 'the same properties' as G ri(/i), e.g. in terms of regularity. This is 
so essentially because for £ ^ 1, we have -p^Cg ^ 1, so that by Duhamel's formula, s ~ 
ri(fi) + 0(e'^) = G ri(/i) + Oie"^) (see Section |3l). At the same time, as a dynamical 
variable, r2 satisfies 



dtr2 = -4 G Crr2 + ^fi + \ Fq{s, fi) , (1.33) 

lb 



where Cr is the multiplicative operator in Fourier space with symbol 



and 



F6(s, /i) = Cs (F^is, fi) + F^is, /i)) + Fris, fi) + Fsifi) 



F4(s,/i) = -^(2sV + s/i'), 
Fr(s,fi) = j{d, + '-^){^Fo{s,f,y) , 

Fsis, /i) = {d^ + ^) /i + /i fi'^ . 

Once s is considered as a given map /i t— > s(yu), (11.331) defines the map fi 1— »• r2(/i) through a 
linear equation for r2- By the same mechanism as for s, we have r2 ~ (G £r)~^ -f6('S! A*) ~ 
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G Fq{s, fx) if < 1 (see Section HI). The restriction < 1 is necessary here to make Cr 
positive definite. For technical reasons, we have in fact to restrict < 1/2 to prove Theorems 
1.21 and 11.31 We believe that the results of these Theorems could be extended to part of the 



> 1/2 region by exploiting the following argument. If «^ > 1, equation (11.331) for r2 is 
linearly unstable at high frequencies. However, the linear coupling of r2 to /i through (11.311 ) 
stabilizes r^. To see this, we introduce the vector v = (/i, r2), and consider (11.311 ) and (11.331 ) 
simultaneously, as a vector dynamical system of the form 

dtY = + f(y) , (1.34) 

for a (nonlinear) vector map /, where Cm is the operator with (matrix) symbol 



-Cf,(k) ^ C^^rik) ik 

8~e4 ^fj.ik) ik ^G£,r{k) 



The stability of (11.341) at high frequency is then determined by the eigenvalues A±(fc) of Cuik) 
for large k. Since"* 

X±(k)-^-{l±t\a\)^ 

as /c — ^ oo, (11.341) is stable at high frequency, the real part of the eigenvalues A-|-(A;) of C(k) 
being negative for large k. However to exploit this would force us to solve (11.311) and (11.331) 
simultaneously, which is technically (and notationally) more difficult, see llGvBCKll for a similar 
problem. Instead, in our approach the system (II. 301 ). ( 11.311) and (11.331 ) is considered as a 'main' 
equation, ( I1.31I ). of the form 

dt^ = n — nfji + F{fi)' , (1.35) 

supplied with two 'auxiliary' equations, ( 11.301 ) and ( 11.331) . which can be solved independently. 

We will first study (11.351) for a general class of map F(/i) in Section |2l below, because 
it explains the choice of the functional space, and which properties of the solutions of the 
amplitude equations (11.301) and (11.331) are needed. Then, in Sections |3] and HI we will show that 
the solutions of the amplitude equations (11.301) and ( 11.331 ) exist and satisfy the 'right' properties. 



2 The phase equation 
2.1 Strategy 

Having argued that r2 = r2iiJ,), we rewrite ( 11.311 ) as 

dtfj. = -C^ fi - fifi' + e"^ F(fi)' , fi(x,0) = fioix) , (2.1) 

where /io is a given (odd) space periodic function of period L for some given L. Since (12.11 ) 
preserves the mean of /i over [— L/2,L/2], and since /iq is the space derivative of a space 
periodic function, we restrict ourselves to /iq which have zero mean over [—L/2, L/2]. 

"^This is the analogon of (1 + ia) u" in dCGH . 
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We will show that the term F{ijl)' is in some sense negligible. If £ = 0, then = + 
d1 = Cf^t^c, and (12.11 ) is the Kuramoto-Sivashinsky equation. If F = and e > 0, (in this case, 
£^ is of smaller order than + d^), this situation can still be easily handled by the techniques 
of IICEE93I or |[NST85 1, which show that equation (12.11) possesses a universal attractor of finite 
radius inL^([— L/2,L/2])ifF = 0. A key ingredient of that proof is the observation that the 
trilinear form J dx ji^ji' vanishes for periodic functions. However, in general, e'^ J dx fi F(jS)' 
will not vanish, and might even not exist at all for fi ElJ^. 

We will explain precisely below how we circumvent this, but the mechanism is indeed quite 
simple. If the n-th Fourier coefficients of fi were vanishing for all n > | with 1 <^ 6 <^ 1/e, 
we would have e.g. ||/u"||l2 < 5'^ which would (presumably) give j dx jj, F{ijl)' ~ 

I2 ■ For e sufficiently small, this would only give a small blur to the attractor of the true 
Kuramoto-Sivashinsky equation. 

Evidently, we cannot expect the high-n Fourier modes to vanish, so we will have to treat 
them separately. On that matter, we want to point out that contrary to the 'true' Kuramoto- 
Sivashinsky equation (11.271) . where the linear operator £^ c acting on fi on the r.h.s. is of fourth 
order, is only of second order due to the regularizing properties of G. From the point of 
view of derivatives of /i, it is easy to see that e"^ s[ and e"^ s" contain at most first derivatives of 
fx, hence we expect e"^ Fin)' to contain at most second order derivatives of n, and we see that at 
high frequencies, (11.351 ) is more similar to the well studied equation u = u" + f(u, u', u") (see 
e.g. [BKL94|) than to the Kuramoto-Sivashinsky equation. 

Note that the term F(/x)' is 'irrelevant' due to its prefactor e"^, while /i jj,' is certainly not. 
Indeed, it would be catastrophic to solve (12.11 ) by successive approximations, beginning with 
the solution of the equation with — /i/i' + e"^ F{ji) = 0, inserting that solution into the nonlinear 
terms and solving again the linear inhomogeneous problem. This would lead to (apparently) 
exponentially growing modes, because the linear operator is not positive definite at small 
frequencies. Solving (12.11) iteratively as 

for n > is a much better choice. We therefore consider the following class of equations 

= -C^, n- nn' + g' , /i(x, 0) = Hq{x) , (2.2) 

for some given time dependent and spatially periodic perturbation g and periodic initial data /iq. 

From this (informal) discussion, we see that we should treat the small n Fourier coefficients 
with an L^-like norm as in ICEE93J or LNST85J , and the high n modes as in e.g. PBKL94|. In 
the next three subsections, we implement this idea. We first show estimates for (12.21 ) in Sub- 
section Then in Subsection 12.31 we define functional spaces similar to those of [BKL94I, 
and prove inequalities in these spaces, which will allow us to prove the 'high frequency esti- 
mates' in Subsection 12.41 In subsection 12.51 we will prove that the full phase equation has a 
solution if /i 1-^ F{ii) is a well behaved Lipschitz map, and finally, in subsection 12.61 we will 
show how the phase equation relates to the Kuramoto-Sivashinsky equation. 

2.2 Coercive functional method, estimates 

The initial value problem (12.21) is globally well posed in L^([— L/2, L/2]) if the perturbation g 
is periodic and satisfies ||(7(-, t)||L2 < 00 for all t > 0. The local uniqueness/existence theory 
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follows from standard techniques (see e.g. IITem97ll ). whereas the global existence follows from 
the a priori estimate 

\H-,ml<e'\H;0)\\l + 2e' (e* - l) sup \\g(-,s)\\l. (2.3) 

0<s<t 

This estimate can be obtained by multiplying (12.21 ) with ^ and averaging over [— L/2,L/2]. 
Denoting by / the integral over a (space) period, we have, using integration by parts 

^dt J fi^ = - J fiC^fi- J fi^fi' j fJ'' 9 ■ 

Since ^ is periodic, we have J jj^ji' = 0. Using Young's inequality, we have 

dtJi2'<-2jfiC,fi+^ Jifi'f + 2e'J g'< j ^? + 2e^ j g\ 

from which ( 12.31 ) follows immediately. As a much stronger result, we can in fact prove that 
the L^-norm of the solution stays bounded for alH > 0. Introducing the operator whose 
symbol is 



'1 l + k^ 



'^v{k) = ,1-—^^, (2.4) 



we have the following theorem. 

Theorem 2.1 There exist a constant K such that the solution fi of 

dtfi = -Cfj. /i - /i/i' + g' , /i(x, 0) = ^q{x) 
is periodic, antisymmetric, and satisfies 

sup||/i(-,^)||L2 < P + ||/Uo||l2 +4£:^ sup||/:^^ g{-,t)'\\i^2 , 

t>0 t>Q 

where p = K L^^^, if fiQ and g' are antisymmetric (spatially) periodic functions of period L, 

Proof Note first that is a bounded operator on with norm < 2 (see Lemma IrT] in 

AppendixlH), then local existence in follows from the above argument. 

Following [.NST85 1 with the modifications of [CEE93J . we write p{x,t) = v{x,t) + 0(x) 
for some constant periodic function to be chosen later on. Denoting by / the integral over 
[-L/2, L/2], we get from (Q 

\dtjv^ = ~ jvC.v- jvC,<p- j^'<t^'- jv<P<f>' + e' jvg' . (2.5) 

The term J v'^v' vanishes because v is periodic, giving a much more compact form for (12.51) : 

^dt(v, v) = -(v, f )0/2 - (f , 0)</, + e"^ (v, g') , (2.6) 
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where we have introduced the inner products 

(f , w) = vw and (f , w)^^ = j v + 70') w . 



This decomposition is helpful because we have the following nondegeneracy result which is 
proved in Appendix lAl 

Proposition 2.2 For all L > 27r, there exist a constant K and an antisymmetric periodic func- 
tion (j) such that for all 7 G [|, 1] and e < L^"^/^, and for every antisymmetric periodic function 
V, one has 

3 

- (£„ V, v) < (v, f < 110' II 00 (v, v) + (v", v") , 

4 t3 



where is defined in A2.4\) . 
We first note that 



(C^ V, CvV)> - — j (v, v) = c„ (v, V) 



Using Young's inequality and Proposition l2.2[ we get from i2.6h . 

dt(V, V) < -2 (V, V)^I2 + \{V, V\ + 1(0, 0)^ + 2 ^2 (^;, g') 

< -I (V, v)^/i + 1(0, 0)^ + 2e^ (v, g') 

< -(£, V, V) + 1(0, 0)^ + 2 £2 (z:^ (^') 

< -i (£, t;, t;) + |(0, 0^ + 2 (^'H^, 

< -| (^^, + 1(0, 0)0 + 2 5^ 11/:;^ ^?'||^2 . (2.7) 
Since v{x, t) = //(x, t) — 0(x) we conclude that 

||M-,O-0(-)||l2 < ||/iO-0||L2 + 4(<^'<^V + ^SUp ||£;1 (?(-,t)'||^, . 

Finally, since — < 4, we have 

sup||/i(-, t)||L2 < ||Aio||L2 + p + 4 5^ sup ||£;;^ g{-, t)'||L2 , 

t>0 t>0 

where 

p = 2||0||L2 + 4y(0>V- 

Furthermore, by Proposition 12.21 we have p < 00, since ||0||l2 = ■\/(070) < 00 and (0, (j))^ < 
00. This completes the proof of the theorem. ■ 
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Corollary 2.3 The antisymmetric solution of the Kuramoto-Sivashinsky equation with periodic 
boundary conditions on [— L/2, L/2] 

dt^ = -/i"" - fi" - fi fi' , fi(x, 0) = fioix) , (2.8) 

stays in a ball of radius 0{L^^^) in as L ^ oo. 

Proof. This result was already established in IINST85I and IICEE931 . To prove it, we only have 
to note that (12.81) corresponds to (12.21) with e = 0, and that Theorem 12. II is uniformly valid in 
e<l. m 

Remark 2.4 The proof of Theorem I2.il is the only point in this paper where we need s, re- 
spectively ^, to be spatially even, resp. odd, functions. The theorem holds also in the general 
(non symmetric) case. The proof can be obtained as a straightforward extension of the result of 
\CEE93\I for the Kuramoto-Sivashinsky equation in the non symmetric case. 

If e = 0, Theorem 12 . 1 1 show s that the solution of (12.21) stays in a ball in L^, centered on and of 
radius ||/Uo||l2 + p for all t > 0, with p = 0{L^/^) as L ^ oo. When e 7^ 0, the radius of the 
ball widens to lowest order like sup||(7(-, t)||L2. 

i>0 

2.3 Functional spaces, definitions and properties 

In this section, we explain how to treat the high frequency part of the solution of (12.21) . This 
development is inspired by |BKL94| (see also |GvB02| for similar definitions). We will need 
some technical estimates which are proven in Appendix IHl 



2.3.1 Basic Definitions 

Let L > 2n and q = ^ < 1. We define the Fourier coefficients of a function / : 
[-L/2,L/2] ^Rby 

1 /"^/^ ^ 
fn = Y dx e-''^^^f(x) , so that fix) = V e''^^^ /„ , 

and P^, P^, the projectors on the small/high frequency part by 

l"l<f |n|>| 

where the parameter S > 2 will be chosen later. We also define the and P norms as 

Ilp = ( ^dx \f{x)A , II/IIloo = ess sup |/(x)| , 

V J-L/2 / xe\-L/2,L/2] 



IP 



'-L/2 J x£[-L/2,L/2] 

1/p 
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We will use repeatedly Plancherel's equality without notice 

II/IIl^ = v^II/IIp- 

Finally, for cr > 0, 5 > 2, we define the norm || ■ ||^ by 



neZ 



With a different normalization, the norm || • H^ cr was introduced in |BKL94| to study the long 
time asymptotics of solutions ofu = u" + /(u, u\ u"), where / is some (polynomial) nonlin- 
earity. From the point of view of the nonlinearity, our situation is similar to the case treated 
there, but our linear operator is not positive definite as — A was in their case. The potentially 
exponentially growing modes correspond to \n\ < ^, and we saw in Section IT2l that their P 
norm was bounded. Since there are only a finite (but large) number of linearly unstable modes, 
changing the definition of the || ■ ||^ ^.-norm on these modes to an /^-like norm will give an 
equivalent norm which is better suited to our case. Thus we define the norms || ■ \\w a and || • 

by 

w,. = f sup(l + (f)^)^|M, (2.9) 

l"l>f 

L^ + \\f\\w,.. (2.10) 



While II ■ ||yy o- is clearly not a norm, || ■ ||(j is a norm which is equivalent to || ■ ||_v,cr for a > I. 
Indeed, easy calculations lead to 

AT,. < V¥T6 ||/||l2 + ll/llw,. < (1 + V¥T6) 11/11. , (2.11) 
< fl+vrv^) 11/11^,.. (2.12) 



We point out that if a > the || ■ Hw^cr-semi-norm is a decreasing function of 5. Indeed, we 
have (here the norms carry an additional index to specify the value of 5) 

So- - ' 



m.A < Jf (--1:T2)'|I/IIw,.a < 2^ {fy~' \\fU,^,So , (2.13) 



for all Si > Sq > 2. As S will be fixed later on, the additional index is suppressed to simplify 
the notation. On the other hand, || ■ is an non-decreasing function of a: 



1.0 < ll/IUi , (2.14) 
for all cTi > (Tq. 

Definition 2.5 Denoting by C^gj.(["~-^/2, -Z^/2], R) the set of infinitely dijferentiable periodic 
real valued functions on [—L/2, L/2], we define the (Banach) space VVo,ct as the completion 
o/C^pgj([— L/2, L/2], R) under the norm \\ ■ ||cr, and i3o,cr(r) C Wo,a the open ball of radius r 
centered onO E Wq „. 
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Up to now, we considered functions depending on the space variable only. We extend the 
definition (ITTOt to functions / : [-L/2, L/2] x [0, oo) ^ R by 

|||/||U = sup||/(-,t)|U. 

t>0 

We will use the same convention for the L*' and I'p norms, e.g. 

|||/||b=SUp||/(-,t)||L2. 

t>0 

Finally, we make the following definition. 

Definition 2.6 Let = [—L/2, L/2] x R+ and C^^iVl, R) denote the set of infinitely differen- 
tiable functions on Q compactly supported on R"*" and satisfying /(—L/2, t) = /(L/2, t)for all 
t G R^. We define the (Banach) space as the completion ofC^^{Q, R) under the norm ||| ■ 
and B^{r) C the open ball of radius r centered on G W^- 

We then have the 

Proposition 2.7 Foralla > ^, is a Banach space included in the Banach space h'^iR'^ ,W2,2([— L/2, L/2] 
of functions (and their space derivatives up to order 2) on Q uniformly (in time) bounded in 
L2([-L/2,L/2]). 

Proof The proof follows directly from the Lemma ITSl below. ■ 

Lemma 2.8 Let cr > |. There exists a constant C such that for all n < a — ^ and for all 
m < a — 1, we have 

||/^™^||.-™ + ||G/(")|U_,„ < 6"^ ll/IU, (2.15) 
+ ||G /("^IIloo < C ll/IU , (2.16) 

where f^"^^ is the m-th order spatial derivative of f. 

Proof. See Appendix iBl ■ 

Although the indices m and n make the reading of Lemma l2 . 81 a bit cumbersome, it merely says 
that G is 'transparent' for the norms, and that each derivative 'cost' a factor 5. 



2.3.2 Properties 

The II ■ Wjsf^a and || ■ ||>v ^ norms can be used to control the nonlinear term FQ{ji)' . For concision, 
all the proofs of this section are relegated in Appendix|Bj The map Fo(/i) admits the following 
decomposition (see Appendix O 

Fo{|D = F^{^i) + GF2{^i), (2.17) 

where 

2^ ^2 «^ 5 (^^5") lis {e^ s') 

F,i^) = il + e)s 
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(yu) + — yur+a fi r — a jj s — —fi (e s ) 



i^2(/i) ^ 

f(/x) = (l - ^92) sift) . 



4" 4 

-2 



To bound the contribution of Fq to fi, we need a sequence of easy Propositions and Lemmas. 
The first result concerns the various terms appearing in Duhamel's formula. 



Proposition 2.9 Let 5 >2, then 



-,-Cat 



As e 



-CM-s) I 



/(■) L <e-^' ll/(-)||w,., 



IVV.cr 

< sup 

W.o- 0<s<f 



(2.18) 



W,cr 



where e~^''* is the propagation Kernel associated with dtf = —C^f, and is defined in f l2.il ). 
Then, on the r.h.s. of (12.181) . we have the 
Lemma 2.10 Let 5 >2, then 



9' 



Gg' 



<-IM 

97/2 

<—^\\9\ 



W,(7-l ' 



W,cr-3 



This shows that we need only control ||v\;,cr-i and \\F2 ||y\;,cr-3- These will be bounded using 
Propo sitions 12.111 and 12.121 below, which show that multiplication and division of functions are 
well defined in Wcr. 

Proposition 2.11 Let \\u\\(j^ < 00, ||f ||o-2 < 00 and a = min(cTi, (72) > |. Then there exists a 
constant Cm depending only on a such that 

\\UV\\^ <CmV6 \\u\\^^ \\v\\^^ , 

and ifa< 1, we have the two particular cases 

" 1 < Cm Ih^lll Iklll , 



\UV\ 



<Cm^5 



u\\i? ||^||l2 • 



The following proposition shows that the || ■ ||o^-norm of is essentially given by ||M||cr if 
Proposition 2.12 Let \\u\\fj^ < 00, ||f ||o-2 < 00 and a = min(cri,cr2) > |. Then 



u 



< 



\u\ 



a 1 - Cm 



for all V satisfying Cm ||^||(T2 < 1. where Cm is the constant of Proposition \2.1 1\ 
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2.4 High frequency estimates 

Here, we study the high frequency part of the solution of 

dtfi = -Cf, fi- fifi' + g' , 0) = /io(x) . 

The solution of this equation exists by Theorem 12.11 and is bounded in for alH > if 
||a*o||l2 + l\^v^ g'llh'^ < oo. We will now show that upon further restrictions on /zq and g, the 
solution has bounded || ■ ||cr-norm for alH > 0. 

We first need some definitions. We set 



Co = 1 + 

P 

Cm Co P 



Po\\a , 4:£ 



+ 



9' 



W,CT 



(2.19) 



Then we have 



Theorem 2.13 Assume that the initial condition /xq and g satisfy H2.19\) with C < |- Then the 
solution ^ of 



dtfi = -Cf^ jj, - jijj! + £ g , 0) = Hoix) 



satisfies 



\\ph < 



1- y/T^ 
2^ 



9' 









(2.20) 



(2.21) 



Remark 2.14 Note that co is implicitly dependent of 5 (because the norm \\ ■ Wa is). Iffio and g 
are given, Cq is a non increasing /Mncrion of 5 (see (I2.i3l) ). Hence we can surely satisfy ^ < ^ 
by taking 5 sufficiently large. 



Proof of Theorem \2.13\ We first note that by Theorem 12. 11 we have 

|||/i|||L2 < P + ||Po||l2 + 4 e:^ IC~^ g'li2 = Ci p . 
To bound |||/x|||>v,cr, we use Duhamel's formula for the solution of (12.201) 



(2.22) 



/i(x, t) = e"^"* fioix) - [ds e-'^^^'-'^ (pp')(x, s) + ! ds e"^'^^*""^ g'{x, s) . (2.23) 

Jo Jo 



Next, we define 



T(/i)(x, t) 



ds e 



-Cf,(t~s) 



ifxp'Xx, s) . 



Since /i /i' = ^(/x^)', using Proposition l2.9l and Lemma l2?T0l we get for all a' < a, the bound 



mpn 



W,cr' 



< 



\\W,a'-l , 
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and using again Proposition 12 .91 we get 



,o-' < IIa^oIIw.ct' + 



(2.24) 



Using that ||/||<ti < ||/||cr2 if o"i < cr2, inequality (12.221) . and dividing (12.241) by cq p (note that 
Cop > p > 0), we get 



1 1 

Ma' < 1 + 



Co p 



V26 



Cop 



\W,a'-l 



(2.25) 



We use this equation inductively in a' to show (12.211) . As a first step, notice that by Proposition 
12.1 11 we have |||p^|||w,o < CmVS |||p|||l2» so that from (12.251) with a' = 1 and the definition of ci 
(see (12.221) ). we get 



1 C 

Ii < 1+ ^"^ 



Co P 



2 5 Co p 



(ci p)^<l + %^ f^) 
^/26 vcq/ 



V Co / Cq 

Using this inequality, (12.251) with o"' = | and Proposition |TTTJ we get 



(2.26) 



^ III III ^ 1 I ^™ III III 2 

p 3 < 1 H — ^ ki 

Co p 2 V2 5 Co p 

C2\2 _ C3 



- Co / Co 



(2.27) 



Let now 0-3 = |, o-„ = o"„_i + 1 for all 4 < n < uq, where the integer uq is defined by 
a — 1 < cr„(, < a. Using (12.251) and Proposition l2.11[ we have 



Co P 



2 (5 Co p 

Cn-l 
Co 



ipiU„_i) < 1 + 



^2 5 V Co 



Co 



(2.28) 



for all 4 < n < uq. Let now c„ = ^ for n > 2. We can write (I2.26I )- (I2.28I) as c„+i = 1 + { c: 



?;2 



for n > 2. Furthermore, since — < 1, if we set ci = 1, we will also get an upper bound for 



IIpIIo^. And now, since ^ < \, the (infinite) sequence c„+i = 1 + ^ c^, ci = 1, is increasing and 
satisfies c„ < lim c„ = Coo = ^—^^7^, hence 



IIpIIU < Coo Co P 



2e 



W,cr 



(2.29) 



This completes the proof. 
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2.5 Existence and unicity of the solution of the phase equation 

Let p, e Wcr and fiQ G i3o,<j(c^o p) C Wo,cr- We consider the equation 

dtf = -CJ -ff' + e^ F{jD' , fix, 0) = po(x) . 



(2.30) 



C^^ F(/i)' III w,o- < oo, in which case, 



By Theorem l2.131 / exists if ||yUo||o- + 11'^^"'" -^(/u)'|||l2 
we define the map (jl, po) ^-> Tip, po), by T{fi, po) = /• We will show that for fixed po, 
fl I— > jF(/i, yUo) is a contraction in the ball Ba{c^ p) if the following condition holds. 



there exists a 



Condition 2.15 There exists a constant Ai < 1 such that for all > 
constant Eq such that for all e < Eq and for all pi, P2 G B^ic^ p) the following bounds hold 



|||£;iF(/i,)'|||L2+£^ 



F{pd' 



W,CT 



(2.31) 



FifxiY - F(/i2)' 



< Ai Ifii - H2\la , (2.32) 



\lr2{p^)\y + |||C' F{^^^y^h < (-)' P , (2.33) 



where Cy is defined in rti.321) . 

We prove that this condition holds in Section|4| The proof requires bounds on s and r2. At this 
point, we note that if s = si(/i), or equivalently r2 = 0, we have F{ji) = Fo(si(yu), yu), and that 
(see Appendix ICl or the beginning of Section|4|) we can satisfy Condition 12 . 1 51 for any Ai < 1 
and Eq = Ce S~^^^ p~^/^ if q is sufficiently small (depending on Ai). To apply Theorem 12. 131 
we need ^ = ^"^^s ^ ^ i' from (12.311) . we have cq < c^, hence we can satisfy ^ < j 
by choosing 5 = cs p^ for some constant cs. This implies also that we should take (at least) 
£^0 = Ce p~^^ with > 3. 

We then have the following Proposition 

Proposition 2.16 Let > y^x^' <^^d assume that Condition 12. 751 holds with Eq sufficiently 
small. Then there exists a constant cs such that if5 = cs p^ and e < Eq, then 



W^iPhPo) 



(2.34) 



for all po e ;Bo,ct(c^o P)- 
Proof. Let 



Co(p) = 1 

Cm Coip) p 



P 



Fifty 



W,cr 



ap) 



'2 b 



for all /i G i3cr(c^ p) and /xq G B^^aic^^^ p), we have co(p) < A with A = Ai + 
Choosing 



< L 



Cs > 



max 4 
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we have ^(jl) < \ and A < 1, so that by Theorem lTTSl we have 

/^o)|||a < ^^f^^^) ^^^^^ P<C,,P- 

This completes the proof. ■ 

Proposition 2.17 Let Cfj_, cg and Eq be given by Proposition \2.16\ and assume that for all 
/ii,/i2 G Ba{c^ p) the following bound holds 

|||^(/ii,Aio)|||a < P (2.35) 

for all fio G Bo,a{c^ p). Then there exists a time to such that 

sup ||J'(/ii,/io)(-,0 - ^(/i2,/io)(-,i)||<7 < sup - /i2(-,0|U • (2-36) 

0<t<to 0<t<to 

Proof. The proof of (12.361) . being very similar to the estimates leading to (I2.34I) . can be found 
in Appendix IdI Note that here we only asked for po E i3o,cr(c^ p) and not for G i3o,cr(c^o P)- 
■ 

We now deduce from Propositions 12 . 1 61 and 12 . 1 71 existence, unicity, and estimates for the solu- 
tion of the phase equation. 

Theorem 2.18 Let c^, cs and Sq be given by Proposition \2.16\ Then for all T > 0, the solution 
Pvc of 

dtp.^ = -Cf, p^ - p^ p^ + F{p.J , p,{x, 0) = p,o(x) (2.37) 
exists for all < t < T and satisfies 

sup ||p^(-,t)||^ <c^P, (2.38) 

0<i<T 

for all po G Bo^^{c^^ p). 

Proof. Let JF(/i, p.^) be the solution of 

dtp = -C^ p- pp' + F{jj)' , /i(x, 0) = po(x) . 

By Proposition 12.161 we know that |||jF(/i)|||^ < p if |||p|||o- < p. Hence, we can apply 
Proposition 12 . 1 71 and get that p i— > J-'ip, po) is a contraction for < t < to in the ball of radius 
Cfj, p. Thus p t— s> J^ip, Po) has a unique fixed point p^, in that ball. By easy arguments (see e.g. 
IIGvB02l ). this fixed point is the unique strong solution of (12.371) for < t < to- Furthermore, 
since the image of p i— > J-'ip, po) is in a ball of radius p, p^ satisfies (12.381) with T = to- 

We can now show inductively that p^, exists for all t > and satisfies (12.381) for all T > 0. 
Define t„ = {n + l)to for n > 1, and suppose that p^ exists on < t < t„_i and satisfies 
(12.381) with T = t„„i. By Proposition 12.161 we know that for t„_i < t < tn, the solution 
J'(p, p,,(-,t„_i)) of 

dtp = -Cf, p- pp' + 6"^ F{jX)' , p,{x, to) = p^(a;, t„_i) (2.39) 
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is in a ball of size p if fl is in a ball of size p for < t < tn, because it is the 
continuation of a solution of (12 .SOI ), beginning with pQint = 0, with jlix,t) = p^{x,t) for 
< t < tn-i- Shifting the origin of time to and replacing /io by t„_i), we see that 
the conditions of Proposition l2. ITl are satisfied, hence p, jF(/i, is a contraction for 

tn-i ^ t < tn- As above, this implies that there exists an unique fixed point p^ which is the 
unique strong solution of l2.37l on < t < and satisfies (12.381 ) with T = t„. ■ 

2.6 Consequences 

Up to now, we did not use ( 12.331 ) of Condition I2.15[ This inequality has two important con- 
sequences. The first one is that s (if it exists) and rj are related by s = —\ri" = — | /x' up 
to corrections of order e"^ (see Theorem 12 . 1 91 below), and the second one concerns the relation 
with the Kuramoto-Sivashinsky equation (see Theorem 12 .201 below) . Once these theorems are 
proved, we will only have to prove the bound on s to complete the proof of Theorems II. 21 and 

o 

Theorem 2.19 There exists a constant q > such that if Condition 12. 751 holds with < 
Ce p^^, and 5 is given by ProDosition \2.16\ then 

Ills + I G'/i' + gG'(/i)2 III L2 ^ f e 



< — 



Cf, p V£o 
ife < Eq. 

Proof. The proof is very simple. We use that s + -^G (Ap' + p^) = e'^ G r2, and that by 
assumption (see (12.331) ). we have ||?^2||l2 < (^)^ P- ■ 

We next show that the solution pc of the Kuramoto-Sivashinsky equation (in derivative form) 
captures the dynamics of the (derivative of the) phase for short times (then — | p'^ captures the 
dynamics of the amplitude by Theorem 12.191) . To state the result, we introduce the operator 
C^^c = + d^. We have the following Theorem. 

Theorem 2.20 Let p and pc be the solutions of 

dtp = -C^ p- pp + F{p)' , p{x, 0) = po{x) , 
dtPc = -^fi,c Pc - PcP'c , Pcix, 0) = poix) , 

There exist constants and Ct such that if Condition 12. 1 51 holds with Cq < q then 

sup < 1. , (2.40) 

0<t<to Cfj, p So 

for all to < Q and for all e < Eq. 
This theorem implies directly Theorem 1 1.3 1 

Proof of Theorem \2. 2(A Let p± = p± pc and C± = Cf_,^c ± ^t^- Note that pc exists and satisfies 
III Atelier < P- Furthermore, we have 

C 1 

dtP- = — ^p- + - -{p+p-)' + F{p)' . 
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Multiplying this equation by /i_ and integrating over [— L/2, L/2], we get 

^ dt = + {fi^,C-P+) - ^iP-, p'+P~) + ^'^{p-, F(n)') . 

Next, we use the Cauchy-Schwartz inequality, the identity (£+ — £_) = and > 0, (this 
follows from C^^cik) = k'^ — k'^), to get 

LOO 



+ ^ + £ ||/:^ 



Since the Fourier coefficients of satisfy (£-)„ < {qnf we get, using Lemma ITSl 
Let C = 1 + C p (5^/2 = p4_ j^^yg 

< c P-) + c 5^ 56 ^ ^4 ii^-i FiiiYwi, 

<C(P-,P^) + Ce^6'' (c^ p)2 + (c^ p)2 , 

where we used (I2.33I) . Let Eq < q p"'', and to < Q p~*^. We have 

if Ce and are sufficiently small. ■ 

3 The amplitude equation 

In (11.301) . we showed that in terms of the amplitude s and the (derivative of the) phase /i of 
the perturbation of e* 't'o-'^f^^^ the 'amplitude' part of the Complex Ginzburg Landau equation 
becomes 

2 

dts = -4(s - V"") + 4 - 4^(2sV + V) + Fsis, p) , (3.1) 

^ 

with s(x, 0) = so(x) and 

ri(p) = -^(4p' + e2 ^ 
F3(s, p) = -a^^ X (i + M ^ + ^ ■ 



We now show that for given p with |||p|||cr not too large, the solution of (13.11) is determined by a 
well defined Lipschitz map of p. We will use the definitions and properties of the norms ||| • 
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of Subsections 12.3. II and 12.3.21 We proceed as we did for the phase equation, that is, we first 
show estimates, and then || ■ ||cr estimates. Equation (13.11 ) suggests that we study 



dts = -^(s- ^s") - 4^(2sV + su') + / , s{x, 0) = So(x) 



(3.2) 



for given sq, y and /. If |||z^|||l°° + III'^'IIIl"" is sufficiently small, this equation is a linear (in s) 
inhomogeneous damped heat equation, hence the local existence and unicity of the solution in 
is known by classical arguments (see e.g. IITem97ll ). Furthermore, the solution satisfies the 

Lemma 3.1 If s is the solution of (13. 21) then 



|s|||l2 < I|so||l2 + 



X 



I? ■ 



(3.3) 



Proof. Multiplying ( 13.21) with s, integrating over one period, using Young's inequality, and using 
that j s{2s'v + sv') = J (s'^u)' = because s and u are periodic, we get 



sf<--. I s' + - I f 



X 



from which (13.31) follows immediately. ■ 
Proposition 3.2 Ifs is the solution of ( 13.21) . then 

|||s|||(7-i < 2||so||o— 1 + 

for all V satisfying o? Cm (4 + eb) \y\a < 4. 



2£^ 

X 



cr-l 



(3.4) 



Proof. The idea is again to use Duhamel's representation formula for s. Let C be the operator 
with symbol 



then s satisfies 



with 



s(x,t) = e-^*So(x) + r(s, /)(s,t) 



r(sj)(s,t) = - / dre 
Jo 

-C(t-T) ( <^_x 
'0 ^ 



dr e 



{^{2 v{x, t) d^s(x, t) + s(x, t) dMx, r)) - f(x, r) 
(2 dcc{s{x, t) u(x, r)) - s{x, r) d^uix, r)) - f(x, to)j • 



Using the inequality 



dr e 



-m-T) 



f(x,T) 



< -\IG 
X 
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we get for any <j' < a — 1, 



X 4 8 



< ||so||>v,a-i H |||/|||w,(7-i H —js z^|||w,<7'-i + -^fs ^'\lw,cT'-i ■ (3.6) 

We now use (13.61) inductively in a' to show that |||s|||>v,ct_i is bounded. Then we will use (13.51) to 
show that |||s|||>v satisfies the bound (13.41) . 

Using (13.61) with a' = 1, we get |||s|||w,i < oo, and |||s|||i < oo, because 

Ills l^llwfi < Cm v^|||s|||l2 |||z^|||l2 < Cm v^|||s|||l2 Ill'^iU , 
Ills z/'|||w,o < Cm v^|||s|||l2 |||z^'|||l2 < C 5^/^|||s|||l2 iiii^iiu . 

Then, using ( 13.61 ) with a' = |, we get |||s|||yy | < oo because 

Ilklllw 3 < ||so||>v,<7-i H |||/|||w,<7-i H ^|||s z/|||w,i H — Ills v'\w,\ 

< Pollw,.-! + ^III/IIIW,.-! + ^^^^Y^(j + ^)llNllll ilHIU • 

Then, for any a' > |, we get 

Ilk III w.o-' < ||so||>v,o--i H |||/|||>v,o--i H — Ills i^|||>v,o-'-i H — Ills z^'llw.o-'-i 

11 ., III .III Cm 5^^^ / 1 1\ 

< ||so||w,a-i + — |||/|||w,a-i + ^ y-^ + 2jllkllU'-i lll^'IIU • 

Using this last inequality with a' = |, |, . . . until we reach a — 1 shows that |||s|||H),cr-i < c>o. 



Then, from (13.51) and Lemma ISTTl we also get 



llsi.^i < ||so|U-i + -lll/IIU-1 + ^|||G (s i^)1||w,.-i + ^|||G is z/')|||w,.-i 
X 4 8 

< ||so||a-i H |||/|||<T-i H ;^|||s Z^|||>V,a-l H ^|||s i^'l\w,a-i 

X ^ ^ 

, 11 ,1 , 75 (7^ (4 + £(5) |||z/|||^ 

< So U-l + — / <x-l + \\s\\a-l 5 . 

X 8 



Since by hypothesis (e^ Cm (4 + e5) |||z^|||cr)/8 < 1/2, the proof is completed. ■ 

Corollary 3.3 Let si, resp. S2 be the solution of (13.21) with f = fi resp. f2, and assume that 
Si{x, 0) = S2(x, 0). Then 

|||si-S2||U_i< — III/1-/2IIU-1. (3.7) 
X 
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Proof. Since (13.21 ) is linear in s, Si — S2 satisfies (13.21) with Sq = and / = /i — /2. ■ 
Corollary 3.4 Let s(z/) solution of \3.2{ with f = /(z/) satisfying |||/(z/)|||cr-i < 00. Then 

- s(^^2)||U-i < ^ |||/(^^i) - /(^^2)||U-1 . (3.8) 
X 

Proof. Since (13.21) is linear in s, s(ui) — s{v2) satisfies (13.21) with sq = and / = /(z/i) — /(z/2). 
■ 

We are now in position to prove that the solution of (13.11) exists if sq is sufficiently small. 

Theorem 3.5 Let Cr^ and be given by Proposition IC.il and Theorem \2.18\ and c^q > 0. 

Let Cs > 2(Cri + Cso)- There exists a constant Cs such that for all e < Ce 5^^^^ p~^^^, for all 
fi e Ba(c^ p) and for all sq G i3o,cr-i(Cso ^ p), the solution s of 

2 

dts = -4(^ - ^^") + 4 ^i^-") - 4^(2sV + sp') + F3(s, /i) , 0) = so(x) ,(3.9) 

^ 

ex/*?* an J is unique in B^j^iiCs S p). As such, it defines the map p s{p), which satisfies 

Hpi)\l~i < Cs 6 p , (3.10) 

|||s(/ii) - s(/i2)||U-l <Cs5 lll/il - P2\la , (3.11) 

/or a// Pi e B^(c^ p). 

Proof. Fixing s G W0--1, we consider the equation 

2 

dtf = --,{f- '-f") + 4 n(/^) - 4^(2/V + + ^3(5, p) , /(X, 0) = So(x) . 
s ^ s 

By Proposition 13. 21 / exists if ||so||o--i + ||ki(/^)||cr-i + 1^3(5, /i)||o--i < 00, in which case we 
define the map s t-^ T{s, p) by T(s, p) = f. To show that s{p) exists, is unique and satisfies 
(13.101) . we only have to show that if e is sufficiently small, 5 T{s, p) is a contraction in 
Ba-i(Cs S p) C yVa-i- Using Propositions 13 .21 and IC . 1 1 and the assumption on sq, we have 

|||T(s,/i)||U„i < 2|||ri(/i)||U_i + 2||so|U-i + jF^is, p)\l., 

X 

2 e'^ 

< 2 (c, + Cs,) 6p + |||F3(s, /i)||U_i . (3.12) 

X 



Similarly, using Corollary 13. 31 we have 

2 £^ 

|||T(Si, p) - T(S2, p)l\a-l < iFsiSu p) - Fs{S2, p)t-i . (3.13) 

X 

By Proposition 1C.51 there exists a constant such that for all e < Cg S'^^"^ p^^^^, for all 

p G B^{Cf^ p), and for all Sj G B„^i{Cs 6 p), we have 

2 ,„ , M„ . A 2(c,, + c,,) 



X 



i^3(^.,p)||U-i< (1- ^'^^^ ^^°^ )c.^p, (3.14) 
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^ |||F3(si,/i) - Fs(s2,fi)\l-i <(l- - S2IIU-1 . (3.15) 

From (13.121) and (13. 141) . and since Cs > 2{Cr^ + c^j,), we conclude that s T{s, ji) maps the ball 
Ba^i{Cs 5 p) (strictly) inside itself, whereas from (13.131) and (13.151) we see that it is a contraction 
in that ball. Hence, the map s ^ T{s, p) has a unique fixed point s*(/x). This fixed point 
satisfies (13.101) and is a strong solution of ( 13.91 ) (see also IIGvB02l ). 
For (13.1 II) . using Corollary 13. 41 we have 

IIIA/Ui) - s*ip2)\la-i < 2|||ri(^i) - ri(/i2)|||<T-i 

2£^ 

< + |||i^3(s^(/Ui), /il) - Fs{s\fl2), /U2)||U-1 • 

X 

Using that 

F3(si,fii) - F3(s2, 112) = F3{si,ni) - F3(si, Ai2) + Faisi, H2) - ^3(^2, 112) 
and that by Propo sition IC . 5 1 we have 

2£^ 

|||F3(Si,/ii) - F3(Si,/i2)|||a-l <2Cso6 jfli - ^2^ , 

X 



— |||F3(.i,/i2) - F3(.2,/.2)||U-1 < (l - — " + 

X ^ 
we conclude, using Proposition lC.il that 



pi - S2\\a~l 



|s*(yUi) - s*{p2)l<T-i < 2 (Cri + c^o) ^ - /^allU 



2e'^ 

+ |||F3(s*(/ii),/ii) - F3(s*(/i2),/i2)|||<x-l 

X 

< 2 {Cr^ + Cso) 6 lll/ii - /i2||U 

+ (l - ^^'"^'"^ ) ||k^(/il) - ^'^(/i2)||U-l . 



Since Cs > 2{cr^ + Csg), we have 

2{Cr\ ~\~ Csq) 



s''(yUi) - S*(/i2)|||a-l < 2(Cr, + C^o) 5 lll/ii - P2\\a 



Therefore, s ^ T{s, /i) is a contraction. ■ 

2 2 

We define r(yu) = s(yu) — \s{ii)" and tq = Sq — ySg, and prove that /i hh^ r(yu) satisfies 
essentially the same bounds as i-^ s(yu). 

Corollary 3.6 Assume thatrQ G i3o,(j-i(Cri ^ p)- 77?en /i i— > r(yu) satisfies 

\lr(p)\l-i < 8 Cr, S p , (3.16) 

ilKPl) - ^^(^2)11^-1 < 8 (5 \lpi - P2l\a , (3.17) 

if the conditions of Theorem \3.5\ are satisfied. 



Proof. The proof, being very similar to the ones of Proposition l3.21 and Theorem l3.51 is outlined 
in Appendix lEl ■ 
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4 The Condition 12. 15L properties of n F{ii) and /i i-^ r2(/i) 
We recall that 



where 



(4.1) 



For Condition l2.15l to hold, we need to show that there exists a constant Ai < 1 such that for all 

/ii,/i2 e Ba{c^ p), 

+ lie-' F(/i,)'|||L2 < p , (4.2) 



|||£;lF(/i,)'|||L2+£^ 



VV.cr 



£0' 



|||£;i (F(pi)-F(p2))'|||l2+£' 



F(/ii)' - F(p2)' 



^ Ai IIPi — P2|||o- ; 



(4.3) 
(4.4) 



for all e < Eoif Eq is sufficiently small. If r2 = 0, these conditions can be satisfied if < p ^ 
with Ce sufficiently small. Namely, from Theorem IC.21 Appendix ICl using also \\C~^ f'Wh^ ^ 
2 ||/||l2, we have 



lie-' Fo(p,)'|||l2 < 2 |||Fo(p.)|||l2 < 2 cp, 5^/^ p 



As' \IC-' Fo(iii)'\y+e' 



Foifii)' 



(4.5) 
(4.6) 



IC^ AFo(Pi,P2)'|||l2 



AFo(pi,p2)' 



W,cr 



< 5 CiTo (5^/2^ III Pi -P2IIU, (4.7) 



where AFo(pi, P2) = -Po(Pi) — -^o(P2)- Since 5 = q p , we see that for eq = Ce p , the con 



tribution of Fq to the bounds (I4.2I) - (I4.4I) can be made arbitrarily small, choosing sufficiently 
small, independently of p, or of the size of the system L. So what we need is more detailed 
information on r2- Note that r2 inherits the bounds of r and ri, but with a factor e~'^, so that we 
have to work a little more to show that the bounds on r2 are finite as £ ^ 0, and that (I4.2I) - (I4.4I ) 
are also satisfied when the contribution of r2 is taken into account. The essential input will be 
(11.331) . where we showed that, as a dynamical variable, r2 satisfies 



dtr2 = --^G Crr2 + Y^pC^^rr2 + -^Fq{s,p) , r2(x, 0) = r2,o(a;) , (4.8) 



with r2 



ro _ ri(po) 



Since we know that s(p) exists, we can view this equation as a linear 



inhomogeneous equation for r2 and derive bounds from it. We first have the following lemma: 
Lemma 4.1 Ifr2 solves il4.8\l . one has 

|||r2(p)|||L2 < ||r2,o||L2 + |||F6(s(p),p)|||l2 , (4.9) 
WxC^,. C-^ r2(;u)'|||L2 < 64 ||r2,o||L2 + V2 jC^^^ Fq{s{p), p)'\y , (4.10) 
for all p with fpfa < p. 
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Remark 4.2 Without the term jj, £^ r'^ in (14.^1) . the proof of 114. 9\) and (l4.iOD would follow 
immediately by positivity ofG Cr, and we would have the same estimates for r2(/ii) — r2(/i2X 
but with r2,o = and FQ(fi) replaced by -FeC/ii) — FQ(fi2) ■ The term fj, r'2 cannot destroy 
the positivity ofG C, ife is sufficiently small (see A4.11\) below or Proposition \F.2{ . and it will 
add a (small) correction to the norm of the difference. 

Proof. From (14.81 ). using Young's inequality and Proposition IF.2I (see subsection IF. II of Ap- 
pendix 0, we get 



2X 



(^j r^G Crr2-^j r2fiC^,rr',^ + r2Feis,fx), (4.11) 
Feis,fif. 



The proof of (14.91) is completed integrating this differential inequality and noting that p- < 1. 
The proof of (14.101 ) can be found in subsection lF.2l ■ 



Corollary 4.3 Assume that 256 ||'"2,o||l2 < A2,2 Cfi P- Then there exists a constant C such 
that 



e' \\r2ip)\y < A2,2 c, p + G {5"'^ p^ + 5' p) , 
4 \\x C,^r r^ipYiy < X2,2 P + G {5'''^ p" + 5' p) , 

for all p e B^{c^ p). 



(4.12) 



Proof. This is really a statement on Fq. For the proof, see Section lC31 ■ 

Choosing Eq = q p^^ with sufficiently small and a A2,2 sufficiently small, the r.h.s. of (14.121) 

is bounded by p. Thus the hypotheses of the following lemma can be fulfilled. 

Lemma 4.4 Let r2 be the solution of A4.8\l with p G BaiCfj, p), and let h{a) = max(2, ^3^). 
Assume that r2 satisfies 



\\x Cf,^r ^ ^2(p)'|||l2 <Cy,p . 
Then there exists a constant G such that 



(4.13) 



r2(p)' 



^ lk2,o||w,<7-l + 



< 



+ G h{a) p 



l-e^2 h{a) G^ Cg 



1/2 



for all e satisfying 2 h(d) Gm Cu < 1. 



Proof See Section El ■ 
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Corollary 4.5 Assume that 256 \\r2,o\\w,a~i < -^2,w p. Then there exists a constant C 
such that 



< 



max(|, ^) ((1 + Ce^)c,p + e^C 5^'^ p^) 



+ 



1 - £2 2 6(a) Cm Cf, Cg 
^2,W Cfi P 



1/2 



1 - £2 2 6(a) Cm cs ' 



(4.14) 



for all p G -Bcr(c^ p), and for all e satisfying 2 6(a) Cm 



-1/2 



< 1. 



Proof. This is also a statement on Fg. For the proof, see Section IC31 ■ 

Choosing A2,y\; and Cg sufficiently small, we bound the r.h.s. of (14.141) by c^^ p. Thus, the 
hypotheses of the next Lemma can also be fulfilled. 

Lemma 4.6 Let r2{pi) be the solution of A4.8\l with p = pi, and define Ar2 = r2{pi) — r2(p2) 
and AFq = Fq(s{pi), pi) — Fq{s{p2), P2)- Assume that pi G Ba{Cf^ p), and that 



\X C^,^r ^ r2{pi)'\\i^2 + e"^ 



r2{Pi)' 



(4.15) 



(4.16) 



(4.17) 



Proof. This is again a statement on Fq. For the proof, see Section IC3] ■ 

Again, choosing sufficiently small, the r.h.s. of (14.171) will be bounded by fpi — p2\la- Thus 

the hypotheses of the next lemma can be fulfilled. 

Lemma 4.8 Let r2{pi) be the solution of A4.8\) with p = pi, and define Ar2 = r2(pi) — r2(p2) 
and AFq = Fq(s(pi), pi) — Fq{s{p2), P2)- Assume that pi G B^{c^ p), and that 



Then there exists a constant C such that 

\\X Cf,^r Ar2|||L2 < IIIX ^f^,r AFg|||L2 + C 5^/^ p Ipi - /i2|||a • 

Corollary 4.7 The map p ^^ r2(p) satisfies 

\\X C^^r {r2{pi) - r2{p2))'\y < C (5^/^ ^ + |||^^ _ ^^|||^ 
for some constant C. 



r2(P'i)' 



<c^,p, 



\\X C^^r ^ r2{pi)'\\i^2 + 

\\X C^^r Ar2(/ii)'|||L2 < jpi - P2\la 

Then there exists a constant C such that 



(4.18) 



—7 ^^2 



< 



AM 



W,<T 



+ C b{a) Ipi - p2\\ 



1 - e^2 6(a) Cm C/, c] 



-1/2 



(4.19) 



for all e satisfying 2 6(a) Cm Cg 



-1/2 



< 1. 
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Proof. See Section El ■ 

Corollary 4.9 There exists a constant C such that 



■'fj,,r 



c, 



Ar' 



max(|,^)(l + 52^(1 + 5^2^)) 

— ri72 11/^1 ~ ^^2\\\a , 

1 - £2 2 6(a) Cm 



(4.20) 



for all /i G i3CT(c^ p), and for all e satisfying 2 6(q;) < 1. 



Proof. This is also a statement on Fg. For the proof, see Section lCSl ■ 

We are now in position to prove that the hypotheses (I4.2l) - (l4.4ll are satisfied if e is sufficiently 
small. 

Theorem 4.10 Condition 12. 751 is satisfied if Eq < yl — 2c? with Cg sufficiently small 
and if the initial data /iq and sq are in the class C(K, L,a,i,io, c^o, c^q, a). 

Proof. By Definition ll.lK see also i4.\\i ). if the initial data po and Sq are in the class C{K, L, a, e, £o, c^o ' '^vo ' '^)' 
then 

/ e \ 2 

256 ||r2,o||<T-i < A2 (^— j p , 

with A2 < min(|, ^jz^)- This means that the hypotheses of Corollaries |431 l43l lO and l49l 

on r2,o are satisfied with A2,2 + ^2,w < A2 (^)^- Collecting the results of these corollaries, and 
using (I4.5I )-( I4.7I) . we have 



\^r2(|^^)\y + 1^-' F(p,)'|||l2 < (^ + e^) A2,2 P + C{6'^^ + 6^ p) 



< (— ) C^p X2iX2,£0,P,S) 



(4.21) 



where 



A. 



(A2,£o,P,5)= (^)'cmp(a2 +elC{5''/^ p + 5') 



In the same way, using s < Eq, we have 



|||£;lF(pi)'|||L2+£^ 



4^2 l\C-'AF%2+e^ 



FipiY 



W,cr 



< Xi{a,eo,p, S)Cf,p , 



< Xi(a,eo,p,6) fpi - P2IIU 



(4.22) 
(4.23) 



where 



Xi(a,eo,p,6) 



max(i, ^) {1+elC {S'/' p + 5' + I)) + X^ 



1 - £2 2 6(a) Cm 



-1/2 
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Now, let 5 = cs p^, Sq = q \/l — 2a^ p Since A2 < min(|, ^^J-), we have 

max(|, ^) (1 + cl (1 - 2 a") d) + A2 



Ai(a,eo,P, f^) < 



1 - c2 (1 - 2 a2) C2 
for some (positive) constants Ci, C2 and C3. We now choose 



A2(A2, £0, P, 5) < 77 + ^3 cl (1 - 2 a^) < _ + , 



. • I ' ' , min(|,l^)-A2 \y^^ 

and get Ai(a, P, < 1 and A2(A2, P, f^) < 1 as requested for Condition l2.15l to hold. Note 
that there always exists a q > satisfying inequality (I4.24I) . since A2 < min(|, )• ■ 
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Appendix A: Coercive functional for the phase 



In this section, we prove the Proposition l2.2l This is a nondegeneracy result on the operator £^ 
based on a similar result of IICEE93 1 for £^ c = d'^+d'^. We will need some technical alterations 
of their proof to take into account that is of lower order than c. However, since the two 
operators are equal in the limit £ ^ {C^ = G C^^c and lirn G = Id by (11.81 ) and (11.321 )'). we 

will recover their result as a particular case. 

Proposition A.l For all L > 27r, there exist a constant K and an antisymmetric periodic 
function (f) such that for all 7 G [|, 1], all e < (ttL^/^)^^ and any antisymmetric periodic 
function v, one has 

3 

f , V) < (V, V)j^ < ||0'||oo (v, v) + (v", v") , 
where the inner products (■, ■) and (■, ■)^^ are defined by 

rL/2 rL/2 

(v,v) = / dx v(x)'^ , (v, v)^^ = dx v(x) {C^ + 70'(x)) v{x) , 

J-L/2 J-L/2 



and is multiplicative in Fourier space with symbol Cy{k) 



1 



34 



Remark A.2 The restriction e < (ttL^/^)"^ is a convenient one because then we can use the 
same function cf) as that defined in hCEE93^ . We will see later that we need a much stronger 
restriction (e < 0(L~^^/^)j anyway. 

proof of Proposition \A. 1\ The proof really amounts to construct the function (p. Let q = ^ < 1 
and M the smallest integer (strictly) larger than ^ L^/^. We define </> by 



iqnx 

neZ 



where the Fourier coefficients 0„ are given by 



, n = 

^ , l<\n\< 2M 



, Otherwise 

qn ' 



4 i f{\n\/2M~l) 
qn 

where / is a non-increasing function satisfying /(O) = 1, /'(O) = and 

poo 

/>0, sup|/'|<l, / dk{l + kf\f{kt 

Jo 

The proof then follows from the three technical lemmas below. ■ 

Lemma A.3 There exists a constant K such that the function cj) defined above satisfies 

{v,v\^<KL"'' \\v\\l2 + \\v"\\l2 . 
for all periodic antisymmetric functions v. 
Proof. For the first inequality, we have 

(0,0) = — 5^ 0„P<^5^- = - — =-L\ 

ra=l n=\ \ J- / 

For the second inequality, we use that is periodic, so that / 0^0' = 0, giving 

. oo 

(0, (p)^^ = ((f), C^(f)) = — ^ C^iqn) |0„|^ , 

^ n=l 

where 

(qnf - {qnf 
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Since C^{qn) < {qn)^ and M < Vl^, we get 



47r 

(0, 4))^^ = (0, Cf,(j)) = ^M"^^ \<Pn\ 



n=l 



2M 



n=l n=l 

<CL^^'^ (l+ [ dkil + kff(kf 



Finally, using again C^(qn) < (gn)^, we have 

(v,v)^^ < ||0'||l- ||f ||l2 + 

Using the Cauchy-Schwartz inequality, we have 



oo oo 

^'IIl- <2 5^|gn| < 16M + 2^|/( 



n=l n=l 
/"°° /I _|_ U\ 

<16M + 4M dk |/(A;)| 



2M 



< C 1 



dA; (1 + k)^ |/(A:)|2 



This completes the proof of the Lemma. ■ 

Lemma A.4 For all L > Itx, for all 7 G 1] and for all e < one has 

3 

(f , v)^^ > -{C^ V, Co v) . 
Proof. Following iCEE93l one shows first that 



(v,v)^^ = 2 L 



_n>0 k>m>0 

where ipn = —iqn 4>n- Then one notices that for < e < 1, one has 



2 ]_ _|_ £^(g") 



21 + 



(A.l) 



The definition of r here is different from that of IICEE93L except in the e = limit. Set now 



Wn = VnTn (iu particular w = ^/ ^ Cy v), so that 



(v, v)-y^ >2L 



lU„ + 27 Wk — Wm 



,n>0 



0<m<fc 



= (w , (Id + 27!) w) 
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In Lemma 1X31 below, we prove that the Hilbert-Schmidt norm of 2'yT is less than ^ hence 



1 3 
(v, v)^^ > -(w,w) = - (Cy V, Cy v) , 

which proves inequality dA.ll) . ■ 

Lemma A.5 For all L > 27r, for all 7 € 1] and for all e < j^, the Hilbert-Schmidt norm 
of2'yT is smaller than ^, where the operator V is defined by 

(w, Tw) = L Wk Wm. . 



0<m<k 



Proof. Note again that e < = (ttL^/^) ^ is only a convenient restriction (see remark lA!2l 
To prove this lemma, it is sufficient (see [CEE931) to show that 



IHS 



E 



tp\k+m\ — i'\k-m\ 



0<m<k 

By definition of </), for all > m > 0, we have 



1 

*I6- 



\i)k-m - ^fc+m| = , ifk + m<2M, 

and 

\i^k-m-i^k+m\ < 4: mm , forall/om. 

We distinguish two sets of summation indices S = SiU Su in the sum ( IA.2I) . 

= {(m, k) G s.t. M + 1 <mandm + 1 < k} , 
5ii = {(m, k) G s.t. 1 < m < M and2M - m + 1 < k} , 

and write ||r||^s = Tj + Tn accordingly. 

In the region I, we have m > M, and using e < ^ and < we get 



(A.2) 



00 1^1 

~ T(qni)^ ^—^ T(qk)'^ ~ 

m=M+l ' k=m+l ' 



^00 

16 / dm 



M 



00 

dA; 



1 200 1 

< 



whereas in the region II, we have m < M and k > M + 1, and using again e < ^ and 
7^ < 7^, we get 



^16 ^ 

m=l ^ 

^160 1 



V 1 ^ 16 A 



k=2M-m+ 

I q"^ w? 1 
+ 



00 
dA; 



M 



Tiiqky 



4 4 



3 M5 g4 \ g2 1 + ^4 o4 2 M2 g4 1 + ^4 ^4 

m=l ^ 



37 



160 1 /I dm 1 

— in n *-r: A \ n I -i . o o 



Collecting these results, we get 

2 80 TT 1 440 1 

Note that this bound is worse than that of IICEE93I by numerical factors only (in their bound 
is replaced by ^ and ^ by but is uniform in e < This motivates the restriction 
£ jYq- "^^^ proof is then completed using M > | L''/^. ■ 



Appendix B: Proofs for Section 113 



Lemma B.l Let o" > |. There exists a constant C such that for all n < a — ^ and for all 
m < a — 1, we have 

Wf'^X-n. + \\G /'""X^rn < S"' \\f\l , (B.l) 

+ ||G /("^IIloo < Coo 5"-^^ ll/IU , (B.2) 
where /^"^^ is the m-th order spatial derivative of f. 

Proof. Throughout the proof, we use that G acts multiplicatively in Fourier space, (G f)n = 
G(qn) fn with 

G(k) = < 1 , 

so that G is a bounded operator in the F and || • \\^ norms. Using that ||/||l°° < 11/11/^ 
that the space derivative commutes with G, we see that we need only prove (IB. II) and (IB. 21) for 
the terms without G, and with replaced by in (IB. 21) . In the sequel, we denote by K the 
operator with symbol K{k) = \k\. 

For (IB. II) . we use that |a;| < \/l + and that || ■ ||l2 = \/L\\ ■ Hp to show that 

< 5™ ll/llw,. + Vl \\K"' P</||,2 + Vl P>/||,2 

< 5"^ ll/llw,. + 5"^ ||P</||p + VL^-||(l + (ir/ ^)^r/^ P>/||p 

rT°° 27r dr 

< 5™ ll/llw,. + II/IIl. + 5" W / 7^^3= ll/lk,. 



< 6'' 



27r dx 



Loo (1 + a;^)--" 
For ( IB.2I ). using the Cauchy-Schwartz inequality, we have 
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so that 



\\fn\i-.<\\K-p<fh + \\K-p>m 

<^-^\\f\h + \\K-P^f\\i. 



Since a — n > | and a — m > 1, setting 

Coo = 1 + max 



I ^^^^ \\f\\w,a 

oo (1 + X^) 2 

dx 



(1 + a;2) 



fT — Tl 

2 



271 da; /""^ dx 



-oo 1 + 2;' i-00 (1 +X2)4 

the proof is completed. ■ 

Before proving Propositions l2.1 ll and l2.121 we prove a simpler lemma (see also IIBKL94I '). 

Lemma B.2 Let cri, 0-2 > | and a = min(ai, > |, then there exists a constant Cb depending 
only on a such that 

\\uv\\x^^ <CbV6 \\u\\x,ai \\v\\Af,a2 , (B.4) 

and if(T<l, we have the two particular cases 

\\uv\\_^^i <CbV6 II'uIIat,! \\v\\j\f,i , (B.5) 
Ik^lk.o <CbV6 ||m||l2 ||i;||l2 • (B.6) 

Proof. We begin with (IB.6I) . We have 

VS , , , , VSL V6 

' meZ 

For the other inequalities, we proceed as follows. Let p = % then we have 

< 



\UV\\Ufi = — sup \Un\ \Vm-n\ < \Mp < Tj" IWWl^ II^IU^ • 

q nez ^ 27r 27r 



, ,, ^ 1 (1 + (pny)2 ^ 

|Mf lk,a < -7= sup > 

V5 «ez P ±^ 



|^m| l^n— m 



p (1 + (pnr) 2 > /- 



nez (1 + (P"^)^) 2 (1 + - n)y)- 



V^eRj-oo (1 + r)2 (1 + (x - ?/r)2 y 
Iwt^lU 1 < sup / dy — T V6 \\uy,i \\v\\x,i ■ 

2 Vx-eRj-oo (1+1/2)2 (l + (x- ?/)2) 2 / 
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Thus we define 



where 

1 + 



/oo 
dy 
-OD 



To see that < oo, we can assume without loss of generality that x > 0, and split the y 
integration into two pieces, y G (— oo,x/2] and y G [x/2, oo). We then have 

1 + 1 1 

ye{-oo,x/2] —— <4,-—- ^<^_^, 

1 + (x — yY 1 + (x — yY 1 + 

1 + 1 1 
y G [x/2, oo) -—^ < 4 , — — < — , 



1 + 1/2 1 + 2/2 l + {x-yY 



from which we get 



S(a,a)< I dy + / dy -— < / dy -— < 2^^ 15 , 

(i + r)2 A/2 (i + ix-yY)^ j-oo (i + r)2 



oo 



/ 1\ /"""/^ 2^/2 /-oo 2^/2 /-oo 2 2^/2 
5 1,- < / dy T+ dy T< dy r < 2'^ 15 



(l + y2)4 (l + (x-y)2)4 (l + y2)4 
The proof of the Lemma is completed. ■ 

Proposition B.3 Let \\u\\„-^ < oo, ||f||o-2 < oo and a = min((Ti,(T2) > |, ?/zere exists a 
constant Cm depending only on a such that 

\\uv\\a < C,n V6 \\u\\^^ \\v\\a2 , (B.7) 

and ifa<l, we have the two particular cases 

llw i ^ Cm Vs \\u\\i \\v\\i , (B.8) 

'2 

< Cm V6 II m||l2 ||f ||l2 . (B.9) 



Proof. We first note that if a = min((Ti, (J2) > |, by Lemma IbTI we have 



|?if ||l2 < ||^^||l°° II^I|l2 < C V6 



u\ 



So the L^ part of (IB. 7 1) is proved. For the || ■ Hw^cr part of (IB. 71) . for (IB. 81) and for (IB. 91 ). we write 
M = M< + M>, where m< = P<m and m> = P>m and the same for v. Then we have 

llM^^IU.a < lh-f^lk,<7 < ||^^< ^'<lk,<7 + ||m< V>\W,a + \\U> t^<|U,a + ||m> ^^>||Ar,<7 • 

Clearly, ||P>/||Ar,cr < ||/||w,cr < \\f\\a, and we can apply directly Lemma IR21 to the last term. 
The first three terms are bounded using Lemmas IB . 41 and Ib3] below. ■ 
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Lemma B.4 Let cr > 0, then there exists a constant C depending only on a such that 

\\{P>u) {P<v)\\M,a <CV6 \\u\l \\v\l . (B.IO) 

Proof. Let p = |. By the Cauchy-Schwartz inequality, we have ||P<t'||ii < ||f ||l2 (see 
(IB.3I ) above), so that 



ll(p>«) (P^v)y,. < 4= sup ^^±^ Yl 



Vrr,. U 



1 + 



< ||M||w,a ||P<t'||ii sup sup . 

neZ|m|<l VI + ("^-^) 

< C ||m||>v,o- ||^'||l2 < C* ||u||o- ||f llo- . 
This completes the proof of the Lemma. ■ 

Lemma B.5 Let a > 0, then there exists a constant C depending only on a such that 

||(P<M) iP<v)\W,a <CVS \\u\l \\v\l . (B.ll) 

Proof. Let p = |, we have 



||(P<n)(P<i;)||Ar,. <^sup 

VO nGZ 



(l+(pn)2)? 



E 



rn\ \^n—m\ 



5t 



27r ^ 



|m-n|<i 



< 5t v^L 



\m-n\<- 

This completes the proof. ■ 

Proposition B.6 Let ||m||o-i < c)0, ||f ||o-2 < oo an J cr = min((Ti, (T2) > |, 



1 + v 



< 



\u\ 



a 1 - Cm 



for all V satisfying Cm ||t'||cr2 < 1- where Cm is the constant of Proposition W3 



Proof. The idea is to write a geometric series for a nd to use that since Cm V6 \\v\\cr2 < 1, 
the series is convergent. Indeed, using Propo sition IB . 3 1 inductively, we have 



u 



1+w 



m>0 



\u\ 



m>0 



1 - Cm ^A 



.(B.12) 



This completes the proof. 
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Proposition B.7 Let 5>2, then 



e " /(■)|U,.<e-'MI/(-)lk., 



< sup 

W,<T 0<s<t 



where e is the propagation Kernel associated with dtf — — 
Proof. In Fourier space, the propagation Kernel e"^*"* acts as 



i^""'' Dn-^'"'^"''^' fn^ with C,{k) 



1 _L 

2 



For e <1, 5 >2 and > 5, one has C^{k) > C^(6) > 4, which gives 

sup lle-^"* /(OlU, < e-^''(^^ ^ < e-^* ■ 

Next, we use that for > 5, we have 



[ds{e-^-''-^'g'(;s))^ < [d 
Jo Jo 



< / ds e"^"^""^ 
'o 



Iqnl \gn(s)\ 



Q_ 



< ^ ( 1 + j '''^ (1 _ e-^'-ton) 



0<s<t 



Since 1 — e ^^•(9'^) * < 1 for > 5 > 2, the proof is completed. 
Lemma B.8 Let 5 >2, then 



9' 



Gg' 



< 



V2 



< 



W,<T 



27/2 

^liyilW,a-3 



Proof. We have 

5' 



< sup I 1 



i V 6 ' J \ 2 J {qnf - {qnf 



< - — sup 



^ 5 In 



\n\>\ 



M 

5 



{qnf 



^(i.(f)rw 
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< T lli/llw.a-l I sup 

Vx>l X 



1 + 



sup 

x>2 



X2 - 1 



< 



>V,o--l 



and similarly 

Gg' 



< ^ ll^?llw,.-3 (sup (sup < ^ ||y||W.-3 



This completes the proof. ■ 

Appendix C: Bounds on nonlinear terms 

We begin by recalling that 

Fo(s, /i) = X ((2 + £'(1 + a')) -s" + - 
-\G^,^-\G{^^')" . 



s /i 



_ 2 6^0^3 S" 



Let r = s — ^s" . We will now prove that we can write Fq{s, ji) as 



with 



/i) = X a' ((2 + £'(1 + a")) - ^ 



2 (e^ s')sii 2a^ s {e^ s") 



e'^ s 1 + s 



11 ^ 
F2(s,r,/i) = --/i2--(^Y + ^(2/ir' + 4/x'r-4/i's-/i"(£2 s') 

To prove (IC.ll ) it is sufficient to show that 

s'/i = G ^/x r' + 2/i' r - 2/i' s - ^/i" (e^ s')^ . 

But this is true because acting on both sides of this equation with (l — y<9^ j gives 

^1 - yC^^ ■§') = /i s' - y (/i s'" + 2/i' s" + /i" s'j , 
and using e:^ s" = 2s — 2r and s'" = 2s' — 2r', we get the desired result. 



(C.l) 
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C.l Bounds on ri 

In this subsection we prove bounds on ri(/i) and ri(/ii) — ri(/i2) in terms of \\fi\\a- We recall 
that ri(fi) is defined by 

ri(/i) = -^(V + £V'), (C.2) 
and assume that the following holds 

WfJ'Wa < Cf, p , WfiiWa < Cf, p , 6 = cs p'^ , e<l, (C.3) 

where cs > I. 

Proposition C.l Assume that (IC.3I ) hold, and that ri is defined by rtC.2D . Then there exists a 
constant such that 

\\ri(fi)\\a-i < CrJ p , (C.4) 

- n(/i2)||<7-l < C,., S Wfli - ^l2\\a-l ■ (C.5) 

Proof. Using Lemma ITHl Proposition l2.1 H and the assumptions (IC.3I ). we have 

< I M, 4 11.1. < g II.IW1 + ^ II.IW < i(i + ^) ^ . . 

and since pi — pi = (pi — P2)(pi + P2), we have 

5 ^2 

\\ri{pi) - ri{p2)\\a < - \\PI - P2\\a + — \\p\ " pl\\a 

o oz 

(5 1 1 11/1 II 1 1 \ 

< o 11^1 " Ai2||a(l + —7= 11/^1 + ^2|U) 

8 4 V(5 



2 

Setting Cr^ = \{l + completes the proof. ■ 

C.l Bounds on Fq, Fi and F2 

In this subsection, we define 

Fo(/i) = Fo(G' r(/i),/i), 
Fi(/i) = Fi(G r(/i),/x), 
F2(^) = F2(G r(/i),r(/i),/i), 

and we suppose that for all p, pi and p2 in B^{c^ p), we have 

\\r{pi) - r{p2)\\a-l <Cr5 \\pi - P2\\a , 

for some constant c, of order c,^, where Cr^ is given by Proposition lC.il See also Sectional 
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Theorem C.2 Let 5 = p^. There exist constants q and such that 

\\Fo{ii)\y<CFj'>'^ p^ 

\\Fo{^^)\l-2<CFJ'''^ p\ 



(C.6) 
(C.7) 

(C.8) 



>V,(T 



for all e < S p and for all jj, E B^{c^ p). 
Proof. We recall that, defining = G r{n), we have 



Fo(li) = X a' ((2 + s\l + a^)) + - 



s /i 



_ 2e'a's s" 
+ s l + e^a^ s 



2\n 



+ G F2(/i) 



= X a' ((2 + e\l + a^)) - ^ 



2 (e^ s')sn 2a^ s (e^ s") 



+ e^a^ s l + e'^a^ s 



1 



where we omitted the /i dependence of s and r for concision. Note that from the definition of 
G, we have 



\ss'\l_, < V2 \\r\l_, and \\sh"l_^ < 2 ||r 
since s = G r. Using these inequalities and Propositions l2.1 ll and l2.121 we have 

\\s\_, < G^ V6 \\r\\l_, , 



s (e's) 



l + e*a^ s 
/i s' 



< 



gVs\\i 



Icr-l 



(T-1 



1 + s 
jj, s (e^ s)' 



l + e*a^ s 



< 



< 



1 ~ Gm 




G 53/2 1 


P\a Ik||<7-1 


1 ~ Gm 


\fl ||r||^_i 


Ge^6 Wfi 


L-i \V\t-x 



By hypothesis, we have 1 < b p. We now choose c, 



(C.9) 
(C.IO) 

(C.ll) 

(C.12) 

(C.13) 

(C.14) 
(C.15) 
(C.16) 
(C.17) 



all /i G -B<^(c^ p), and for all e < 5"^/^ p'^^^ < Q p 



-3/8 



a/4 



, and get that for 



\-Grne^ a2^||r|U_i 
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V~6 



P = 



cs p2 < 



3/2 „-9/8 



Cs 



Hence the r.h.s. of the inequalities (IC.9I )- (IC.17I) are all bounded by some constant times 5^/^ p^, 
except (IC.13I) which is bounded by a constant times 5'^^'^ p^. From (IC.9I) - (IC.12I) and Lemma 
12.81 for the two last terms of Fo(fi), we see that (IC.7I) holds, then (IC.6I) also holds because 
||-fo(p)||L2 < ||-fo(/^)||CT-2- For dC.SI) . we use first Lemma E . 1 01 which gives 



\/2 2^/2 



>V,cr-3 



Using (ICTSt - dCTTb for the Fa-term and (IC9t . dCTOb and (ICT2b for the Fi-term completes 
the proof. ■ 



Theorem C.3 Let 6 = cg p^, and let Ce be given by Theorem \C.2\ There exists a constant cfq 
such that 



\\Foipi) - Fq{P2)\\i? < CFo S^^'^ P ll/Ul - P2\\a 
\Foipi) - Foip2)\\a-2 < CFo 5^''^ P \\Pl - P2IU 

< CFo 5^^^ P \\Pl - P2IU 



Foim)' - Fo(fi2y 



(CAS) 
(C.19) 

(C.20) 



for all e < c^J^ p ^l'^ b '^1^ and for all pi G i3cr(c^ p). 
Proof. We use the three following equalities 



ai6i - a2&2 = (cti - a.2)&i + (&i - &2)a2 , 
oifoici - a2&2C2 = (ai - a2)&iCi + {h\ - h2)a2C\ + (c\ - C2)a2fe2 



/(Pi) 



/(/i2) 



/(Pl) - /(P2) 



+ 



/(/i2) 



As 



(C.21) 
(C.22) 

(C.23) 



1 + Sipi) 1 + £4 s(;^2) 1 + £4 1 + ^4 5(^2) 1 + £4 sip^) 

where As = s(/i2) — s{pi). Then we proceed exactly as we did in the proof of Theorem IC. 2 
For example, in (IC.14I) . we used that 



(C.24) 



then here, this bound is replaced by 

\\p\ - pl\\a-3 <CmVS \\pi + P2\ 

All other estimates are similar. ■ 



\Pl - P2\\a <2CmC^y/5 p \\pi - P2\\a ■ (C.25) 



2 2 

Corollary C.4 Let 5 = cs p, and define Fj{p) = y {d^ + ^-^)Ff)(py. Then there exist constants 
Ce and cf-j such that for all e < c^ and pi G Bfj{c^ p) the following bounds hold 



|F7(/i.)||L2 + \\C^,. F^ipJl, < CFr 5'/^ 



C^,. AF;|L < Cf, 5^/' P \\PI - P2\\a 



(C.26) 
(C.27) 



46 



fi,r 



c 



< max! 2, 



W.cr 



a 



— ^ af; 



< cp-r max( 2, 



W.cr 



,2 



(C.28) 



1 — 



5^/2 p 11^^ _ ^211. , (C.29) 



Proof. We first use that \\C^^r ^ /'Ik^ < 16||/||l2 (see Lemma IrT] in Appendix|F|), so that for 
the bounds (|C261)-(ES, we need only bound ||F7(/ii)||L2 and WFrifn) - FrC/ia)!^^. Then 
we have also < ll/IU' for any a' > 0, from which we get 



<e^ ||Fo(/ii)"|U-4 + 



a-3 ||i^0(/i.)'IU-3 



< (C^ + 



Cm. C C 



since ||-fo(/ii)||o— 2 < ^^^^ and e < Ce p ^. Similarly, since 

/ii Fo(/ii)' - /i2 F^{p2)' = ^A/i (Fo(/ii) + Fo(/i2))' + ^(/ii + /i2) AF^ , (C.30) 
where AyU = pi — P2 and AFq = Fq{pi) — Fq{p2), we also have 

II AF7IIL2 < C^ II AFo|U_2 + C2 6^ \\Fo(pi) + Fo(/i2)|U_2 ||/^i - /^2|U • 

The proof of (IC.27I ) is completed noting that ||AFo||o-_2 < c^^^ 5^/^ p ||pi — /i2||cr, and using 
again e < Ce p^'^. 

For the proof of (IC.28I) and ( IC.29I ). we define 6(0;) = max(2, jr^), then (see Lemma lRTl of 
Appendix |F|) 



C 



r 



G Cr 



r 



,1 a2 
< 8 max -, 



3' 



w 



. < C7 h{a) 



<Cb(a) 5-' \\f\\w,a-3 



W.cr 



for some constant G. Using this, we conclude that 



Cs G Cj 



F-j{pi)' 



L2 



< G b(a) 

< G h{a) 

< G' b(a) 



Foip^y 



Foip^y 



H — ll/Wi Foipiyw^^s 



Fo(p^y 



+ 



2 

£4 5"3/2 



a \\Foip^)\l-, 



+ ||Fo(/i,)|U_2 < C" 6(a) 5^/2 p2 



The proof of (IC.29I ) is very similar (use e.g. (IC.30I) and proceed as for (IC.28I) above). 
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C.3 Bounds on F3 

We begin by recalling that 

F3{s,fi) = -a^ X (1 + £2 _L s ^2 ^ £f ^4 ^ 

The map F3 satisfies the two following propositions. The first one is used for the properties of 
s, and the second one for those of r2. 



X 
2e^ 



Proposition C.5 Let c^, c^^, c^q, p > 0, 5 > 2, and > 2(Cr^ + c^,,). There exists a constant 
Cs such that for all e < Ce 5~^^'^ p~^^^, for all /ij G Ba{c^ p) and for all Si G Btj^i{Cs 6 p) the 
following bounds hold 

— WFsis., < (1 - ^^^!:i±^) cs6p, (C.31) 

m{s,,pd-F^{s2.pdh-i< (^i-^^^n±^) (C.32) 

\\Fz{Si, pi) - FsiSi, P2)\\a-1 < 2 5 \\pi - H2\\a-1 ■ (C.33) 

X 

Proof We have 

e'\\s^\\a-i <e'CmV6 (c, 5 p)^ = {e^ 5^'^ p Cm c) c, 5 p , 
^l^i p,2|U_i < (e^ 5 p2 c, 5 p , 

e'lls.^'ll.^i < 5 (cs 5 pf = (e' 5' p' Cl c^) c, 5 p , 

< 5=^/2 p 2 C„C,) IIS1-S2II.-1 , 

<{e^ 6' p'AClcl) IIS1-S2L-1, 

e^llSj p\ - Si pl\\a-l <e^Cl^6 \\Si\\„-l (||pi||a + ||P2||<7)||P1 - P2\\a 

<ieUp^Clc^ c,) (5 IIpi -P2IU • 
Choosing independent of S and p and sufficiently small, we can satisfy (IC.31I) - (IC.33I) . ■ 



Proposition C.6 Let 6 = cs > 2, c^, Cs,p > and Cg = I — y<9^- There exist constants 
Ce and rrie such that for all e < c^ p~™S for all pi G B„{c^ p) and for all maps s satisfying 
\\s{pi)\\a-i ^ Cg S p and \\s(pi) — s{p2)\\a~i ^ Cg 6 \\pi — P2II the following bounds hold 

\\Cg F3(s(p,),p,)|U_3 < CF, 6'/^ p2 , (C.34) 

\\Cs F3(s(pi),pi) - Cs Fs(s(p2), P2)\\a~3 < Cp^ ^^''^ P " P2IU , (C.35) 



for some constant cp^. 
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Proof. We first note that since Cg = 1 — \d1, we have 

11^. /L-3 < (i + ^-^) < (i + ^"4^) ll/IU-i < c , 

if rrie > 2. Let s(yUi) = Si, then, as in the proof of Proposition lC.51 we have 

< 5^/^ (cm cl + i^^i^ + 4 cT Cl ^\ , 

if > 1. The proof of (IC.35I) is similar, we omit the details. ■ 

C.4 Bounds on F4 

We begin by recalling that 

then we have the 

Proposition C.7 Let 5 = cs > 2, c^, c^, p > and £5 = 1 — y<9^. There exist constants 
Cg and me such that for all e < Ce p~™S for all pi G Ba{c^ p) and for all maps s satisfying 
\\Cs s{pi)\\a-i < Cs 6 p and \\Cs s(pi) - Cg s{p2)\\a-i < Cs 5 \\pi - P2II the following bounds 
hold 

\\Cs Wpi),P^)|U-3 < cf, (5^/2 p2 , (C.36) 
\\jCs F4(s(pi),pi) - Cs F4(s(p2),P2)|U-3 < cp, 5'/' p ||pi " P2IU , (C.37) 

for some constant cp^- 

Proof We first note that ||/||^ < \\Cs f\\a, and that (see Proposition ICB \\Cs /|U-3 < 
C ll/IU-i if > 2. We thus have 

\\Cs (sip,) p:)|U_3 <cVs ||s(p,)|u_i ||p:iu_i < c 5^/^ p^ , 

and for the other term, we use 

Cs(s' p) = P iCss') + 2 p' iCgS) + s' {Cs p) - 2 s p' - s' p , 

which gives 

\\Cs (S(P.)' P.)|U-3<C5^/2 

The proof of (IC.37I) is similar, we omit the details. ■ 
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C.5 Bounds on Fg 

We recall that 



o Z 



We will now prove the estimates of Corollaries 14.31 14.51 14.71 and 14.91 These estimates follow 
immediately from the bounds on Fg of the next proposition. 

Proposition C.8 Let 6 = cs p then there exist constants Cg and cfq such that for all e < Cg 

and for all /ij G Bcr{c^ p) the following bounds hold 



C 



Cg G Cr 



AF' 



>V,o- 



(C.38) 



< max(^^, (1 + P) IIPi - P2IU , (C.39) 



and 



(C.40) 



\\C^,r AF^II^, < cp^, + 5^/2 11^^ _ ^^11^ ^ (C.41) 
w/?ere AFq = Fq(pi) - FgC/ia). 

Proof. For the proof of (1C.381 ) and (1C.391) . we define b(a) = max(2, jr^): then we have (see 
Lemma IrTI of Appendix |F|) 



r 

G Cr 



< max 



1 a' 



V3 



W.cr , 



< G b(a) 6- 



W,a-3 , 



for some constant G. On the other hand, we have 



2 l^iCfx Pi 



{d. + ^Y^)piP, 



<GmV6 \\e'C^ /ii|U_2 < G 6'/^ p" 
<C,5''/^ p^ + e^G^S^ p'<GS'/' p\ 



>V,(7-3 



from which we get, using Corollarv lC.41 Propositions IC . 61 and IC . 7 1 above for the contributions 

of Fo, F3 and F4, 



C 



fj,,r 



Cg G Cr 



F^{pi)' 



,1 

< max -, 



>V,cr 



3' 



\p.i\\w,a + G b{a) d^'"^ p^ 
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The proof of (IC.38I ) follows since b(a) < 6max(|, j^^)- The proof of ( IC.39I) being very 
similar, we omit the details. 

For the proof of (IC.40I) and (IC.41I) . we first show that 

C~' < 2||(1 + d'j <C5' <C5^p, 

o 

^ \\C, /i'llL. < 5ll(l - dlf/' /illL. < ll/i" 



16"^ X. rn- - 

2 ^5/2, 



<^5/2 2 /^^Ai£!i!^A <C55/2 

V 16 « / - 



16 p 

since by hypothesis 5 = cs and e < p^^. To complete the proof of (IC.40I) . we first note that 
\\C^^r i^v^ /'I|l2 < 16||/||l2, then using also Corollary IC .41 Propositions lC.6l and lC.7l above. we 
see that it is in fact sufficient to show that ||F6(pj) — | £^ p^ ||l2 <C 5^^"^ p^, but we have 



<C^VS ||p,|U Ik' p,||,_2 + C2 S'/' + Cs Ml 



The proof of (IC.41I) follows easily using Corollarv lC.4[ Propo sitions IC . 61 and IC . 71 and equalities 
like 

Pi /(Pi) - P2 /(P2) = ^(A;U) (/(pi) + /(P2)) + ^(pi + P2) A/ , (C.42) 
for Ap = pi - p2 and A/ = /(pi) - /(pa). ■ 



Appendix D: Proof of Proposition 12.16 



Before proving Proposition l2.16l we prove a simpler Lemma. 

Lemma D.l Let 6 and Sq be given by ProDosition \2.16\ and let J-'{fl, po) be the solution of 
dtp = -C^ p - p p' + F(p)' , p(x, 0) = po(x) . 

Assume that 

|||^(p,Po)|||<7 < c^P, 

and that ^2.321 ) holds with X^ < 1 for all e < eo,forallfl G B„{c^p), andfor all Pq G Bq^^{c^ p). 
Then for all < ca < 1, there exists ati > such that 

sup ||J^(pi,po)(-,t) - -^(p2,Po)(-,i)||L2 < Ca Ai sup ||pi(-, t) - p2(-, , 

0<i<ii 0<t<ti 

for all Pi G B^iCf, p). 
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Proof. Let yUj = JF(yUj, /xq), z = 1, 2 and 
We have 

= -C^ fii - ^(Z^?)' + Fijxi)' , 0) = ^iQix) , 

9t/X2 = -Cf, /i2 - ^(/^2)' + -^(/^2)' , yW2(a;, 0) = ^q{x) . 
Subtracting these two equations, we get 

= -£^/i_-^(/i+/i_)' + £2(F(/ii)-F(/i2))', /i_(x,0) = 0. (D.l) 

Let AF = F{jli) — F(/i2), then multiplying (ID.ll) by integrating over [— L/2,L/2] and 
using Young's inequality, we get 

< (fi.,(Cl - 2/:>_) + i||/iV||L^(^_,/i_) + \\C-' AF'Wl 

< (1 + i||/i'+||L^) + \\C-' AF'Wl . 

Now we use that 

and that by (12.321) . for all e < eq 

\\C-' (Fiji,) - Fij22))'\h < Ai Wi^i - /i2|U , 
with Ai < 1 to conclude that 



/e^* - 1 



c 



0<s<t 



Setting 

ii = ^ln(l + cU 
completes the proof. ■ 

Proposition l2.16l is then an easy consequence of the following proposition. 
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Proposition D.2 There exist constants cs sufficiently large and c\ sufficiently small such that if 
ti is given by Lemma UTT] and J-'{fl, fio), the solution of 



satisfies 



|||^(/i,/io)|||a <c^,p 



and A2.32\) holds with Ai < I for all e < Eq, for all p G Ba{c^ p), and for all po G Bo^aiCfj, p), 
then there exists a constant < A < 1 such that 

sup \\J^ipi,Po)i-,t)- J^{fl2,Po)i-,'t)\\a < \ sup \\pii-,t) - p2i-,t)\\^ , (D.2) 

0<t<ti 0<t<ti 

for all Pi G B^iCf, p). 

Proof. We will use the same definitions as in Lemma IdTTI above, and AF = F{pi) — F{p2). 
We first note that we have 



sup \\p^{-,t)\\^ = sup \\J^{pi, po)(-,t) - J^(p2, Po){-,t)\\a <2 p < OO , 

0<t<ti 0<t<ti 

sup \\p+{-,t)\\„ = sup \\Tipi,po){-,t) + T{p2,po)i-,t)\\a <2Cf, p < oo . 

0<t<ti 0<t<ti 

To prove (ID.2I) . the idea is to use Duhamel's representation formula 



p-ix,t) = -- /dse~^^(*~'^ 



f ds e-^^(*-^) ip^p+y(x, s) + e^ [ ds e~^^^^-'^ AF'(x, s) , (D.3) 
Jo Jo 



for the solution of (ID. II) . We have 



ds e-^"(*-') AF'(-,s) 



< e sup 

W,o- 0<s<ti 



AF'i;S) 



< Ai sup \\p-i-,t)\\w,a , 

W,a 0<t<ti 



with Ai < 1. Then, from (ID. 31) . Propo sition 12.91 and Lemma IDJI we have 

sup < Ai (1 + ca) sup \\p-(-,t)\\w,a + ^ sup \\p^(-,t) p+(-,t)\\w^^_i 

o<t<ti o<t<h o<t<ti 



<Ai(1 + ca) sup ||/i_(-,t)||w,<^ + 

0<t<ti 

<Ai(1 + ca)sup ||/i-(-,t)||>v,<x + 

0<t<ti 



^rri II . ,.|| II , ,.|| 

vo o<t<ti 

2 ^ Cm Cfj, p .. / ,x|| 
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0<t<ti 



Since sup < oo, and 5 = cs p^, with > 8 c^, we have 

0<i<ii 



sup ||Ai-(-,t)|U < Ai — '^\3"!2!^^ . sup ||Ai_(-,t)||H;,,T 

0<t<tl 1 — ^ t-^m 0<t<il 
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Hence, we finally get 

sup ||J^(/ii,/io)(-,t) - -^(/i2,/io)(-,i)|U < A sup -/i2(-,t)|U 

0<t<ti 0<t<ti 

with 

1 + CA 



A = Ai 



Choosing cs sufficiently large and cx sufficiently small we can certainly make A arbitrarily close 
to Ai < 1, in particular, we can make A < 1, which completes the proof. ■ 

Appendix E: Further properties of the amplitude equation 

Corollary E.l Assume that ||ro||o--i < Cr^ 6 p. Then jj, i— > r(/i) satisfies 

||K/i)||U-i < 8 c,, 5 p , (E.l) 
llk(AH) - r{p2)l<T-i < 8 Cr^ S l/ii - /i2|||<7 , (E.2) 

if the conditions of Theorem \3. 5\ are satisfied. 

Proof. As a first step, we note that |||r(/x)|||cr-3 is finite, because 

2 2 j:2 

|||r(/i)||U-3 < |||s(/i)||U-3 + y ll|s(/i)"||U-3 < (1 + ^)|||s(p)||U-i . 
On the other hand, we have 

< |||r(Ai)||U_3 + |||r(Ai)|||w,a-i , (E.3) 
and with the same arguments as the proof of Proposition l3.2l we have that for all a' <a — 1, 

A 4 2 4 2 

£ £ Ct £ a 

|||K/^)|||w,a' < ||ro||w,a-i H |||F3(s,yu)|||w,<7-i H — H ^IIKs p)'|||w,a' 

X 8 4 

z o 4 

£^ 

since £ < 5"^/'' p~^l'^. And now, we use that 



-2 



sp = G yrp — £ s p — —sp 
from which we get 

£^ O? £'^ O? 

IIIK/U)!^,^' < 2 5 p H (2s' p' + s p"y|||iA;,<x-i H ^lll<^ (K/w) /^)'lllw,,7' 



54 



5^ ^4 Q,2 

<2cr^6 p^ — (2|||s' /i'|||w,<7-2 + Ills /^"|||w,<7-2) H ^ll|G' {r{p) /i)'|||>v,^' 

< 2 5 p + £^^!%i!^p||U_i Ml + ^|||G (r(p) p)'|||,v,.' . 



Using this inequality and (IE.3I) . we finally have 



||r(p)||U' <7cr,5p+ -^\\G (r(/i) /iy|||w,.' • 



(E.4) 



Since |||G (r(p) /uyiw^o-' < 2|||r(/i) /i|||>v,o-'-i. we use (IE.4I) with a' = a — 2, and then with 
cr' = 0" — 1 to conclude that |||r(/i)|||>v is finite, and then we have 



||r(/i)||U-i < 7c,, 5p + 



-3 ^,2 



K/^)yu|||>v,<7- 



<7crjp+{e^^r5 a" Ml) |||r(/i)||U_i . 

Since e < p~^^^, this last parenthesis is smaller than |, and the proof of (IE. II) is 

completed. The proof of (IE. 21) is similar, we omit the details. ■ 



Appendix F: The ^ ^ ^2(/i) map. 

We begin with a preliminary lemma. 
Lemma F.l We have 



GC 



r 



< max -, 



11^.,. /lU < 8 
lie' /'IIl^<2 



3' 



O" 5 
L2 , 



ll(i-9^r^/:./llL. <ii/i|l^, 



Cfj^ G 



f 



< 11 max 2 



1 - a" 



>V,o— 3 ! 



/or a// < 1 anJ < 1/2. 

Proof. In terms of the Fourier coefficients, we have 



■'tJ.,r /.// 



8 \ G Cr 



r 



8 G{qn) Criqn) 



and 



£ k C^^rik) 



l + e 



2 /l+of 



— a 



fn 



2 fc2. 



8 G(k)Cr(.k) V 2 ; l + (3 + £2 ld|^)(e!_^)+(l_«2)(£l_fcl) 



1 + (2 + A2) e + (1 - a') 



(F.l) 

(F.2) 
(F.3) 
(F4) 

(F5) 
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with ^ 



fc2 



and 



1 + e 



2 /l + QT 



a 



< 



2 J. Then as a function of we have 



< 



1 

< - 



1 - a2 - 1 + (2 + A2) ^2 + (1 _ c,2) ^4 - ^4 + 4 ^2 + 4c,2 - 3 



where the last inequality comes from from the fact that e'^ < 1 and a"^ < 1 imply that 1 < A2 < 
2. This proves (IF.ll) . For (IF.2I) . we have (£^,r /)„ = C,fj.,r{<in) fn, and with the above notations, 



|A2-a2 



< 4 max(a^ A^) < 8 



1+e 



while for (IF.3I) and (IF4I) . we use that 



'3fc2(l + f) 



< 2 



< 1 . 



For (IF.5I) . we have 



C 



G 



f 



I qn 



fn 



then for \qn\ = |A;| > 5 > 2, we have 



CJk) G{k) Crik) 



< 



< 



k^ 
32 



sup 

|fc|><5 



C^iqn) G{qn) Criqn) ^ 

(1 + e) (A^ - e) 



k^ 



— — maxf A^ 
3 fc4 V 



sup 

l«l>0 

a' 



1 + (2 + A2) e + (1 - «') e 



11 / 

^ ¥ "^"4' ' 1^ 



The proof of ^ is completed noting that \\K-^ /'||w,a = 5"^ ll/l|w,<x-3, if (^~^ /)« = 
F.l Coercive functionals for the amplitude 

Proposition F.l Let > and o? < 1. There exists a constant Ce such that 

-4 



j r2G Crr2 - ^ J r2 jJ. ^2 > ^ y r, 
J r^G CrTi-^ j r4 C^^r (^Ai - \ j 

for all e < Ce b~^l'^ p~^/2 and for all /i G -6^(0^ p). 



2 

2 ) 



(F.6) 
(F7) 



Proof We notice first that £^,r?^2 = cti G r2 - 02 % G with ai = 4 + 2 £2 (i -|- ^2) and 
02 = 4^2 . Then we have 



J Hr2G 



^ /ii ^ C c^,p^b ( 2 

< II/^IIl- ||r2||L2 ||r2||L2 < ^ ( F2||l2 



r: 



/ ||2 

2||l2 ) ) 
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/i rs y G r'!^ 



< ||/i||L- ||r2||L2 IkallLS < ^ ^^f' ^ (Mh + ||r2||L2 1 , 



since (by Fourier Transform) we have \\G /||l2 < and || y G /"||l2 < ||/||l2- We thus 

get 



< ^4 (01+12) C Cp p 



32 



< e 



2 (a i+a2) C Cfj_ p \/5 
16 



+ / (r^)' 



rl + "-^ I ir',? 



Let now 03 = 3 + (j-^) ^nd 04 = 1 — a^. We have 



2 

2 ? 



where 



7 = mm 



l + a^e + a^ 
V TT? -/.vo^^ie 



Since 03 > 3 and 04 > 0, choosing Cg sufficiently small completes the proof of (IF.6I) . The proof 
of (IF.7I) is similar. We first use 



)9 



where / = C^^r r'^ and g = {1 — dl)~^ r^. Let /^"*^ be the m-th order spatial derivative 
of/. Then we have ||/*^'"-'||l2 < 16 ||r4'"-'||L2 and ||5'^™^||l2 < ||'"4"^||l2- Furthermore, we have 
1 1 /i' 1 1 LOO < C 5^/^ p and < C 5^/^ P < C 5^/^ p. Using these inequalities, we 

have 



e 

16 



<e^Cc, 5=^/^p(||r4||^2 + ||r4||L2 ||rl||L2 + llrlll^O 

<3e'Gc,6'/'pi^Jrl + '-^ j {r',f^ . 

As above, choosing sufficiently small completes the proof of (IF.7I) . ■ 
E2 Various bounds on r2 

Lemma F.3 Lef r2 solution of A4.8\i . Then r2 satisfies 



WxC^^r ^2IIIl2 < 64 ||r2,o||L2 + V2 ^eC^C/i), /iyilk^ 



(F8) 
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Proof. Let r4 = x C,ij,,r r'^, then satisfies 



dtr4 



X 



16 



GCrn + —C^,r (fi n)' ] + ^ ^,.,r Feisifl), fl)' , (F.9) 



4 



with initial condition r^(x, 0) = x ^ij.,r ?"2,o(a^)' = ^"4,0(3^)- Using Proposition lF.2[ we then 

have 

dt(ri, ri) < — - - (r4, r^) + — (r4, C^^r F^isip), /i)') 
< (r4,r4) + ^\\C^,r Fe(s{fi),fiy\\l . 
Integrating this differential inequality and using that ||r4 o||l2 < 64 ||r2,o||L2 completes the proof. 



Lemma F.4 Let r2 be the solution of A4.8\l with fi G Ba(c^ p), and assume that r2 satisfies 

|||X>C^,r ^"211^2 < C^P- 

Then there exists a constant C such that 

C max(2 , -^) p 



tJ.,r / 



^ 1^2,011^,0—1 



< 



W,cr 



1 - £2 2 C„ max(2, ^) 



/or a// 6 satisfying 2 Cm max(2, j^^) < 1. 

Proof. We define 

xC 



D fx *-fi,r I \ 



(F.IO) 



and we note that ||r3||>v,o- < 00, because 

4x 



W,cr 



X ^U,r I 
To 



< 



On the other hand, satisfies 



5 



dtr, = G r3 + ^ P> {p x C,,r r'^)') + ^ ^> ( ^6 /i)') 



cr-l 



< 



4x 

5 £4 



16 

with rsix, 0) = r^fiix) and 
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Then we use Duhamel's formula for the solution to conclude that 



W,cr < \\r 3,o\\w,a + 77: 



C 



+ 



G jOr 



W,CT 



< ^\\r2fi\\w,a-i + £ — max 2 , 

16 V 1 — 



+ 



G jOr 



where we used Lemma iFJl Then we have 

lll/i r3|||w,<x-3 < Gm S'"/^ Ml je^ r,\l^s <2G„,c, c,^'^ 
from which we get 

4 X 11^ II I III Fg(fi,P< r2) III 



l-e^2GmCf, Cg max(2 , 



v2 . ' 



since by hypothesis e"^ 2 Gm max(2 , jz^) < 1- Using twice Lemma iRll we also 

have 



16 



fi,r 



G (Ly 



< ^4 11 ^^^^ ^-3 1^ jr^^^ r^)|||w,.-3 

W,(T iO 

< £^ y m(a) ^ 1^ ^^^^ ^/ 1^ ^ 



where m(a) = max(^2 , y^)- But we have ||P< /||^ = ||P< £^ /||l2 < 4 5^ ||/||l2, so 
that 



P< r'^ll < \lx P< l^v C^,. r'^\y < A 5^ fx C^,r C,-^ r^llk^ • 



Hence we have 



X£ 



16 



fj,,r 



G rn. C, 



<e^ 22 m(a) 



Gm 



This completes the proof. ■ 

Lemma F.5 Let r2(fii) be the solution of M.Sl) with fj, = fii E Ba(Cfj, p), and assume that 



(F.ll) 



Let Ar2 = r2(/ii) — r2(/i2) and AFq = Fe(s(/ii), /ii) — Fq(s{ij,2), ^2)- Then there exists a 
constant G such that 

\\X C,,. Ar^|||L2 < ix C,,. AF^|||l2 + G 6'/' p {jp, - p2\l . (F.12) 
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Proof. The proof relies on the fact that Ar2 satisfies the same equation as r2, but with initial 
data AraCs, 0) = 0, Fq{s{h), fi) replaced by AFq = Fe{s{iJ,i), /ii) - Fq{s(ij,2), /i2) and /i C^^r r'2 
replaced by 

where A/i = /ii — /i2 and = ''2(Ati)+^2(/J2) _ Since i!iii^2. satisfies the same bound as /i in 
Lemma lR3l we see that the conclusion of this Lemma holds with the replacements r2,o = 0, 
r2 Ar2 and /g ^ AFg and an additional term given by y ||x i^v (A/i ^JVIIlSj 
on which we have 

^ IIX C'/' (A/i r2+V||L^ < 8 || A/i r^+V^ . 

Using (IF.l II) . defining as in (IF. 101) and writing r2 instead of r J to simplify the notation, we 
have 

||A/i r^,,, r2||L2 < ||A/i P< ^"^ r'^\\i^2 + ||A/i r3||L2 

< (3 £2 C 5^/2) II A^ll^ (^2 ll^-l ^/ 11^^) ^ ^2 II A^ (^2^^-, ^^||^_^ 

< (3 £2 C 5^/2) II A^ii^ c^p + 2Cm 5'/' II A/i|U (e' UralU) , 

since ||P< £-1 /||l2 < 3 ||/||l2 and e^C^ /|U_2 < 2 ||/||,. By hypothesis, we have 
Ikallcr < c„ p and the proof is completed. ■ 



Lemma F.6 Let r2(/ij) be the solution of (14.^1) wzY/j fi = fii and define Ar2 = r2(/ii) — r2(/i2) 
anJ AFg = F6(s(/ii), /ii) — F6(s(/i2), Ai2)- Assume that G i^^Cc^ pX ^^^^^ 



fix Ca,r C.^ ^ '^2(Aii)'|||L2 + 



>V,cr 



£^ IIIX >C^,r -^^j, ^ Ar2(/ii)'|||L2 < lll/il - /i2||U 



(F.14) 



r/ze« there exists a constant C such that 



It^ ^IIIw,<7 + C max(2, -r^) |||/ii - fl2\la 



1 - £2 2 C„ C5 ^''^ max(2, 



for all e satisfying 2 Cm ^^"^ max(2, yz^) < 1- 

Proof. The proof relies again on the fact that Ar2 satisfies the same equation as r2, with initial 
data Ar2(x, 0) = 0, Fq(s(ij,), /i) replaced by AFq = Fq(s(ij,i), /ii) - FQ{s(fi2), 1^-2) and /i C^^r ^2 
replaced by 

/ii 'Cf.^r r'2(/ii)' - /U2 'Cf.^r r2(fi2)' = A/i r^' + ^i^l^J^^ c^^^ . (F.16) 
The proof can be done as that of Lemma |F?1 hence we omit the details. ■ 
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Appendix G: Discussion 



The proofs of this section follow from definitions and proofs of Section 12.31 which should be 
read first. By (11.181) . we have 



dz fi(z, t) 



and we get 



||^|||l°=([-Lo/2,Lo/2]) < ^' 



i Lo 



P 



|||'S|||l°°([-Lo/2,Lo/2]) < < C e'^ 6^^"^ p 

If e < Ce p"*""^ with rrie > 4, we get 



L=°([-Lo/2,Lo/2]) 



^ (J ^2-13/(8 me) 



III „lll ^ 
|||S|||l°°([-Lo/2,Lo/2]) S £ , 

since p < Ce We also have 

IIIVIIIl^([-lo/2,lo/2]) < i"' IIIAIIIl^ < c e'/' p < c 5^/2-1/- , 

||h'|||L-([-Lo/2,Lo/2]) < IAIIIl- <Ce'V6p<C e^'-^l^'^ , 
||klllL^a-Lo/2,Lo/2]) < i'^' \ls\y < C e'l' 6p<C e'l^-^l^^ . 

Various other estimates, e.g. on higher order derivatives can be obtained in a similar way. 



(G.l) 



(G.2) 
(G.3) 
(G.4) 
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